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Foreword

HE tremendous research and development effort that went into the

development of radar and related techniques during World War IT
resulted not only in hundreds of radar sets for military (and some for
possible peacetime) use but also in a great body of information and new
techniques in the electronics and high-frequency fields. Because this
basic material may be of great value to science and engineering, it seemed
most important to publish it as soon as security permitted.

The Radiation Laboratory of MIT, which operated under the super-
vision of the National Defense Research Committee, undertook the great
task of preparing these volumes. The work described herein, however, is
the collective result of work done at many laboratories, Army, Navy,
university, and industrial, both in this country and in England, Canada,
and other Dominions.

The Radiation Laboratory, once its proposals were approved and
finances provided by the Office of Scientific Research and Development,
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire
project. An editorial staff was then selected of those best qualified for
this type of task. Finally the authors for the various volumes or chapters
or sections were chosen from among those experts who were intimately
familiar with the various fields, and who were able and willing to write
the summaries of them. This entire staff agreed to remain at work at
MIT for six months or more after the work of the Radiation Laboratory
was complete. These volumes stand as a monument to this group.

These volumes serve as a memorial to the unnamed hundreds and
thousands of other scientists, engineers, and others who actually carried
on the research, development, and engineering work the results of which
are herein described. There were so many involved in this work and they
worked so closely together even though often in widely separated labora-
tories that it is impossible to name or even to know those who contributed
to a particular idea or development. Only certain ones who wrote reports
or articles have even been mentioned. But to all those who contributed
in any way to this great cooperative development enterprise, both in this
country and in England, these volumes are dedicated.

L. A. DuBRriDGE.
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CHAPTER 1
SERVO SYSTEMS

By I. A. GETTING

1-1. Introduction.—It is nearly as hard for practitioners in the servo
art to agree on the definition of a servo as it is for a group of theologians
to agree on sin. It has become generally accepted, however, that a servo
system involves the control of power by some means or other involving a
comparison of the output of the controlled power and the actuating
device. This comparison is sometimes referred to as feedback. There
is a large variety of devices satisfying this description; before attempting
a more formal definition of a servo, it will be helpful to consider an exam-
ple of feedback.

One of the most common feedback systems is the automatic tem-
perature control of homes. In this system, the fuel used in the furnace is
the source of power. This power must be controlled if a reasonably
even temperature is to be maintained in the house. The simplest way
of controlling this source of power would be to turn the furnace on, say,
for one hour each morning, afternoon, and evening on autumn and spring
days and twice as long during the winter. This would not be a particu-
larly satisfactory system. A tremendous improvement can be had by
providing a thermostat feedback that turns the furnace on when the
temperature drops below, say, 68° and turns the furnace off when the
temperature rises above 72°. This improvement lies in the fact that
the output of the power source has been compared with the input (a
standard temperature set in the thermostat), and the difference between
the two made to control the source of power—the furnace.

A more colloquial name applied to such a system is ‘“a follow-up
system.” In this example, the operator sets a temperature, and the
temperature of the house, in due course, follows the setting.

The term ‘““follow-up system” grew out of the use of servo systems for
the amplification of mechanical power. Sometimes the part of the system
doing the ‘“following’” was remote from the controlling point; such
systems were then called ‘‘remote control.” Remote control can involve
tremendous amplification of power; in certain cases remote control may
be required by physical conditions, although adequate power is locally
available. Let us resort to examples again. On a large naval ship it is

necessary to train and elevate 16-in. guns. It is necessary to do this
1

«’



2 SERVO SYSTEMS [SEC. 1-2

continuously to compensate for the pitch, the roll, and the yaw of the
ship. Such a gun and turret may weigh 200 tons. It is obviously
impossible to manipulate such a gun manually; power amplification is
required. The operator turns a handwheel, and the gun mount is made
to rotate so that its position agrees with the position of the handwheel.
This is a follow-up system—the gun mount follows the handwheel. In
practice, it is possible to place the handwheel either directly on the gun
mount or at a remote point, say in the gunnery plotting room below deck.
In the latter case the system becomes one of remote control character-
ized by tremendous amplification. On the other hand, in the same ship
a target may be tracked by positioning a telescope attached to the
director. There is adequate power available in the director, but the
position of the director may need to be repeated in the computer below
deck. Tt is very inconvenient to carry rotating shafts over long distances
or through watertight bulkheads; therefore resort is had to a remotely
controlled follow-up. . The computer input shaft is made to follow the
director; but whereas the dircetor had available many horsepower, the
input servo in the computer may be only a few watts. Temperature
regulators, remote-control units, and power drives are all examples of
servo systems.

Definition.—A servo system is a combination of elements for the con-
trol of a source of power in which the output of the system or some fune-
tion of the output is fed back for comparison with the input and the
difference betwcen these quantities is used in controlling the power.

1.2. Types of Servo Systems.—Servo systems involving mechanical
motion were first used in the control of underwater torpedoes and in the
automatic steering of ships. In both cases a gvroscope was used to
determine a direction. Power was furnished for propelling the torpedo
or the ship. A portion of this power was also available for steering the
ship or torpedo through the action of the rudders. Reaction on the
rudders required power amplification between the gyroscope element
and the rudder. Neither of these systems is simple, because in them two
sources of power need to be controlled: (1) power for actuating the rudders
and (2) power for actually turning the ship. In systems as complicated
as these, the problem of stability is verv important. In fact, the most
common consideration in the design of any servo system is that of
stability.

Consider a ship with rudder hard to port (left). Such a ship will
turn to port. If the rudder is kept in this position till the ship arrives
at the correct heading and is then restored to straight-ahead position,
the ship will continue to turn left because of its angular momentum about
its vertical axis. In due course the damping action of the water will
stop this rotation, but only after the ship has overshot the correct
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direction. If the remainder of the servomechanism operates properly,
the gyrocompass will immediately indicate an error to the left. If the
power amplifier then forces the rudder hard to starboard, the restoring
torque of the starboard rudder will limit the overshoot but under the
conditions described will also produce a second overshoot, this time to
starboard. It is entirely possible that these oscillations from left to
right increase with each successive swing and the steering of the ship
becomes wild. It is important to note that this instability is closely
related to the time lags in the system. The probability of getting into
an unstable situation becomes materially reduced as the reaction time of
the rudder to small errors in heading becomes extremely short. The
stability can also be increased and errors reduced if the rudder displace-
ment is made proportional to the heading error (proportional control).
The behavior of the system can be improved even further by anticipa-
tion control. Anticipation in this application implies that in the setting
of the rudder, use is made of the fact that the gyrocompass error is
decreasing or increasing; it may go as far as to take into account the
actual rate at which the error is increasing or decreasing. Then, as
the ship is approaching the correct heading, anticipation would indicate
the necessity of turning the rudder to starboard, even though the error is
still to port, in order to overcome the angular momentum of the ship.
This deflection of the rudder should be gradually reduced to zero as the
correct heading is reached.

The examples given above seem to imply that mechanical servo
systems are a product of this century. Actually, human physical motor
behavior is largely controlled as a servo system. A person reaches for a
saltcellar. He judges the distance between his hand and the saltcellar.
This distance is the “error’ in the position of his hands. Through his
nervous system and subconscious mind this error is used to control muscu-
lar motion, the power being derived from the muscular system. As the
distance decreases, derivative control {(anticipation) is brought into
play through subconscious habit, and overshooting of the hand is pre-
vented. A more illustrative example is the process of driving a car. A
person who is just learning to drive generally keeps the car on a road by
fixing his attention on the edge of the road and comparing the location of
this edge of the road with some object on the car, such as the hood cap.
If this distance is too small, the learner reacts by turning the steering wheel
to the left; if it gets too large, he réacts by turning the steering wheel to
the right. It is characteristic of the learner that his driving consists of a
continuous series of oscillations about the desired position. The more
carefully he drives, that is, the greater his concentration, the higher will
be the frequencies of his oscillations and, the smaller the amplitude of
his errors. As the driver improves, he introduces anticipation, or deriva-
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tive control. In this condition a driver takes into consideration the rate
at which he is approaching his correct distance from the edge of the road,
or, what is equivalent, he notices the angle between the direction of car
travel and the direction of the road. His control on the steering wheel is
then a combination of displacement control and derivative control. His
oscillations become long or nonexistent, and his errors smaller.

So long as the road is straight, a driver of this type, acting as a servo-
mechanism, performs tolerably well. However, additional factors come
into play as he approaches a bend in the road. Chief among these is the
displacement error resulting from the tendency of the operator to go
straight. The error due to continuous uniform curvature of the road can
be taken out by essentially establishing a new zero position for the steer-
ing wheel. A driver performing in this manner exhibits “integral con-
trol.”” Actually, a human being is not a simple mechanism, and he has
available in this instance information of other types. His driving is a
complicated combination of proportional, derivative, and integral con-
trol, mixed with nonlinear elements and knowledge of the direction in
which the road is going to turn. This foreknowledge is sometimes
referred to as anticipation and is sometimes confused with derivative
control. The example serves nevertheless to illustrate the basis of servo-
mechanisms in general. The power to be controlled in this case was
derived from the engine of the car. The input to the system was the
actual path of the road; the output was the position of the car; and the
error mechanism in which the output and input were compared was
the human operator.

The human operator is a very common element in many servo systems.
Human elements are used in tracking targets for fire control (see Chap. 8)
in controlling steam engines, in controlling scttings on all sorts of machin-
ery. The human operator is sometimes referred to as a biomechanical
link; much can be learned of his response by the application of servo
theory.

The term servo system is not commonly used when the system in-
volves a human operator. It is sometimes restricted further to include
control only of systems that involve mechanical motion. For example,
the automatic volume control of a home radio receiver is a feedback
system, in which the output level of the receiver is compared with the
desired level (usually a bias voltage) and a difference, or a combination of
the differences, sets the gain of the receiver. This closed loop meets all
the requirements of a servo system, but it does not involve mechanical
motion. We shall apply the term servo system to such devices but shall
restrict the term ““servomechanism’ to servo systems involving mechani-
cal motion. It is, in general, true that the theory of servomechanisms is
identical with that of feedback amplifiers as developed in the com-
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munications field. There are certain practical differences which at times
make this similarity not quite apparent. Servomechanisms may involve
the control of power through the use of the electronic amplifier, in which
the power is furnished as plate supply for the vacuum tubes; this is very
similar to a feedback amplifier. On the other hand, a servomechanism
may include only hydraulic devices, a pump furnishing oil at a high
pressure being the source of power. The control of this oil flow may be
accomplished by hydraulic valves. Mathematically the electronic
amplifier and the hydraulic system may be very similar; but in the
physical aspects and in the frequencies and power levels involved the
two may be (but are not necessarily so) quite different. A hydraulic
system may be able to respond to frequencies up to 20 cps; a feedback
amplifier may be built to operate up to frequencies as high as thousands
of megacycles. Hydraulic systems have been made in power levels up
to 200 hp; feedback amplifiers are generally used in ranges of power of a
few watts to milliwatts.

In previous examples, reference was made to the use of servo systems
as power amplifiers and as a means of remote control. Servo systems
perform two other major functions: (1) as transformers of information or
data from one type of power to another and (2) as null instruments in
computing mechanisms.

It is sometimes desired to change electrical voltage to mechanical
motion without introducing errors arising from variations of load or power
supply. Such a problem can be solved by the use of a servomechanism.
For example, an electric motor is made to rotate a shaft on which is
mounted a potentiometer. The voltage on this potentiometer can then
be made to vary as any arbitrary function of shaft position. This
output voltage is compared with the original electrical voltage, and a
difference or some function of it made to control the electric motor.
This is a servomechanism.

It should have been clear that in all the preceding examples a com-
parison was made between output and input and that the source of power
was so controlled as to reduce the difference between the output and input
to zero. In other words, all servo systems are null devices, sometimes
called error-sensitive devices. The advantages of such a system from a
standpoint of component design will be indicated in the next section.

A null device can be made to solve mathematical equations such as
are involved in the fire-control problem. Figure 1-1 is a schematic for the
mechanization of the fire-control problem in one dimension. The future
range R depends on the present range r, on the speed of the target in
range dr/dt, and on the time 7" required for a bullet to travel from the gun
to the target. The time of flight 7 of the bullet is some function of the
future range R—a function that is generally not available as a simple
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analytic relation, but only from ballistic tables. The relations between
these quantities may be expressed thus:

dr
R=r+ T%: (1)
T = f(R). 2)

Tt is obvious that future range cannot be obtained without knowledge of
the time of flight and that time of flight cannot be known without know-
ing future range. It is necessary to solve these equations simultaneously.

Power Amplifier

+
R ryra
dt
Fig. 1-1.—Servomechanism in a computer.

In Fig. 1-1, range is introduced at the lower left-hand corner. The deriva-
tive of range is taken and multiplied by an arbitrary value of time of
flight 7. The product is added to the observed range, to give a hypo-
thetical future range R’. This hypothetical future range actuates the
cam giving the time of flight 7 corresponding to this hypothetical future
range. If 7" were equal to 7', the initial assumption of the time of flight
would have been correct; this, of course, would be accidental. In general,
the assumed value T will differ from 7’. The difference e = 7 — 717
can be fed into an amplifier supplied from an independent source of power,
and this amplifier used to drive the motor attached to the T shaft. If
now T is greater than T, the amplifier will apply a voltage to the motor
that will drive T’ to smaller values, tending thus to reduce the difference
T — T’. When this difference will have reached zero, the future range
R and the time of flight T will correspond to the observed range and range
rate.

This computation could be done without a servo by having a direct
mechanical connection between the output of the cam at 77 and the input
to the multiplier at 7. A little thought will show, however, that practical
considerations would limit the usefulness of this arrangement to simple
funections and to devices in which the accuracy would not be destroyed
by the loads imposed. In the above example, the servo has two impor-
tant functions: (1) It introduces a flexible link between the cam and the
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multiplier, and (2) it prevents the feeding of data in a direction opposite
to that shown by the arrows.
Equations (1) and (2) can be written in the more general form

g(R,T) =0, )
h(R,T) = 0. (4)

In theory, it is always possible to solve such a set. of simultaneous equa-
tions by eliminating one variable. If, however, g and & are complicated
functions or implicitly depend on another independent variable (say
time), the solution by analytic methods may become difficult. It is
always possible to have recourse to a servo computer of the type illus-
trated in Fig. 1-1.

Servomechanisms can be classified in a variety of ways. They can be
classified (1) as to use, (2) by their motive characteristics, and (3) by their
control characteristics. For example, when classified according to use,
they can be divided into the following: (1) remote control, (2) power
amplification, (3) indicating instruments, (4) converters, (5) computers.
Servomechanisms can be classified by their motive characteristics as
follows: (1) hydraulic servos, (2) thyratron servos, (3) Ward-Leonard
controls, (4) amplidyne controls, (5) two-phase a-c servos, (6) mechanical
torque amplifiers, (V) pneumatic servos, and so on. In general, all these
systems are mathematically similar. Considerations as to choice of the
type of motive power depend on local circumstances and on the particular
characteristics of the equipment under consideration. For instance,
amplidyne controls are useful in a range above approximately 4 hp.
Below the 4-hp range the equipment becomes more bulky than thyratron
or two-phase a-¢ control units. On the other hand, drag-cup two-phase
motors are extremely good in the range of a few mechanical watts because
of their low inertia but become excessively hot as the horsepower is
increased above the 3-hp range. Pneumatic servos are extremely useful
in-aircraft controls and especially in missile devices of short life where
storage batteries are heavy compared with compressed-air tanks. Pneu-
matic servos are also used in a large number of industrial process control
applications.

For the purposes of this book, the most important classification of
servomechanisms is that according to their control characteristics.
Hazen' has classified servos into (1) relay-type servomechanisms, (2)
definite-correction servomechanisms, and (3) continuous-control servo-
mechanisms. The relay type of servomechanism is one in which the full
power of the motor is applied as soon as the error is large enough to oper-
ate a relay. The definite-correction servomechanism is one in which the

tH. L. Hazen, “Theory of Servomechanisms,” J. Franklin Inst., 218, 279
(1934).
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power on the motor is controlled in finite steps at definite time intervals.
The continuous-control servomechanism is one in which the power of the
motor is controlled continuously by some function of the error. This
book concerns itself with the continuous type of control mechanism.
All three types have been used extensively. The relay type is generally
the most economical to construct and is useful in applications where
crude follow-up is required. It has, however, been successfully applied
with high performance output, even for such applications as instruments
and power drives for directors. Relays can be made to act very quickly,
that is, in times short compared with the time constants of the motor.
Under these conditions the relay type of servo can he made to approach
continuous control so closely that no sharp line can be drawn. In Chap.
5, an analysis is made of the limitation on continuous-control servo-
mechanisms arising from the use of intermittent data. The second
type of servomechanism, the finite step correction, is used principally in
instruments.

The continuous-control systems themselves can be further classified
according to the manner in which the error signal is used to control the
motor: proportional control, integral control, derivative control, anti-
hunt feedback (subsidiary loops), proportional plus derivative control,
and so on. The study of these different methods of control is one of the
major tasks of this book.

Before continuing the discussion on servomechanisms it is worth while
to consider the terminology as it has developed over the past few years.
The definition given in the first section requires that a servo system have
the following properties: (1) A source of power is controlled and (2)
feedback is provided. This definition applies equally well to four fields
of applied engincering, which have developed more or less concurrently:
(1) feedback amplifiers, (2) automatic controls and regulators, (3)
recording instruments, and (4) remote-control and power servomecha-
nisms. As implied by the first sentence of this book, it is difficult to find
unique definitions segregating these four fields. It is generally agreed
that a servomechanism involves mechanical motion somewhere in the
system; there is agreement that the power drives on a gun turret con-
stitute a servomechanism. Temperature regulators are often excluded
from the class of servomechanisms and classified as automatic regulators
or control instruments, even though such mechanical elements as relays
and motors may be used. If there is any rule that seems to apply, then
perhaps it is that in a servomechanism the element of greatest time lag
should be mechanical and, in general, that the output of the system should
be mechanical. For the purposes of this book, the term servo system
will include all types of feedback devices and the term servomechanism
will be reserved for servo systems involving mechanical output.
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1.3. Analysis of Simple Servo Systems.—The purpose of this section
is to present simple analyses showing various methods of approach to the
mathematical description of servo systems; in subsequent chapters a
formal and reasonably complete analysis is given. The mathematical
tools used in this first treatment have been derived from the general field
of operational calculus and are, therefore, limited to the consideration of
linear systems, that is, systems described by linear differential equations

E Output
fnput r -
[ )
! S| Amplifier I—K—I Motor [+
G Qutput Load
Input - 7 N
1 - Bo
H Amplifier Motor
L Power
Load
| Power II ‘ %
F1a. 1-2.—Open-cycle control system. F1a. 1-:3.—8imple closed-cycle control system.

with constant coefficients.! This limitation restricts only a little the
usefulness of the analysis, inasmuch as most practical servomechanisms
either are linear or can be approximated sufficiently closely by a linear
representation.

The advantages of a servo system in contrast to an open-cycle system )
are illustrated by even the simplest type of servo system. Figure 1-2
schematically shows an open-cycle control system. If the handwheel H
is turned through an angle 6;, the source of external power is so controlled
through the amplifier that the motor rotates the load shaft L through an
angle 0. In a perfect system,.6o would at all times be equal to 8;. This
would require, of course, that all the derivatives of 6, were instantane-
ously equal to the derivatives of §,, Were these conditions to be satisfied,
the characteristics of the power supply, the amplifier, and the motor
would have to be held constant at all times, or compensation devices
would have to be incorporated. The amplifier must be insensitive to
power fluctuations; the torque characteristics of the motor must be inde-
pendent of temperature; the system must be insensitive to load varia-
tions; and so on. In general, these requirements cannot be met. The
most effective example of the open-cycle system is a vacuum-tube ampli-
fier. It is possible to make a vacuum-tube amplifier in which the output
is always proportional to the input within limits of load and power-line
fluctuation. This is, however, almost a unique example; it is nearly

! M. F. Gardner and J. L. Barnes, Transtents in Linear Systems, Wiley, New York,

1942; E. A. Guillemin, Communication Networks, Vols. 1-and 2, Wiley, New York,
1935; V. Bush, Operational Circuit Analysis, Wiley, New York, 1929, )
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impossible to find a power-control mechanism in which the cycle is not
closed mechanically, electrically, or through a human link,

In Fig. 1-3 is shown a schematic of a simple closed-cyele control
system. It differs from the open-cycle control system in that the output
angle 6o is subtracted from the input angle 6, to obtain the error signal e.
It is this error signal which is used to control the amplifier. Figure 1'3
represents inverse feedback, or, as it is sometimes called, negative feed-
back. Let K; be the gain of the amplifier. Then the output of the
amplifier V is given by

V = Kie. (5)

Assume that the motor has no time lag and a speed at all times propor-

tional to V'
dbo

For simple proportional econtrol,
e =8, — 6 (7

is used directly as input to the amplifier. Combining Egs. (5) and (6),
we get

Vo1 de
K= 0y 8o = + “KleW’ (8)

or
K g T8 =6 )

where K = K;K,. If we now consider a sinusoidal input 6; equal to
610 Sin wi, we get

%6?0 + K8, = Koo sin ot. (10)

This equation will be recognized as similar to the equation of an RC-eir-
cuit driven by an alternating generator, which is, on writing ¢ for the
charge,

dg | ¢ _ . ) .
RE"*—G— Vosmwt. (11)
The steady-state solution for the RC-circuit can be written
g =g sin (vl — ¢); (12)
where,
Vo

go = —— tan ¢ = +w RC (13)
,\/LI)ZR2 + CTz

and ¢ is the angle by which the charge lags the voltage. Similarly,
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the solution of Eq. (10) is

6y = oo sin (wt — @); (14a)
where
10

2
\/%—2+1

If K is large compared with «, this may be expanded by the binomial

theorem as
800 = 00l 1 — Lw?) 15
oo = 010 5 K2 (13)

We see immediately that provided only K is much larger than w, the out-
put 6, will be essentially equal to the input 6, in magnitude and phase;
the accuracy of the follow-up requires only making sufficiently high
the velocity constant K., of the motor and the gain K, of the amplifier.
In contrast to the open-cycle system, it is not necessary to use’a com-
pensated amplifier or a motor insensitive to load in such a systém. These
are the chief and fundamental advantages of inverse feedback.

Equation (15) implies certain limitations on the system shown in
Fig. 1-3. In any real amplifier the gain will be high until saturation
sets in or up to a definite frequency. Likewise, the motor speed constant
will drop off if the speed is increased or torque exceeded. In general,
therefore, there will be an upper value to « beyond which the system will
not function. Actually, all motors have time constants, that is, exhibit
inertial effects, and it is necessary to consider this time constant in the
analysis.

The preceding analysis described the steady state of the servo illus-
trated in Fig. 1-3 when the input is a sine wave. Let us now consider the
transient behavior of the same proportional-control system for transient
solution; instead of a sine-wave input let us assume that the input 8, is
zero for all times up to ¢ and then suffers a discontinuous change to a
new constant A for all times greater than f,. In short, a step function is
applied as the input to the servo. The differential equation is

d—;f + Ko = K6, (16)

foo =

: tan ¢ = + % (14b)

and it is to be solved for
01 = t < to
’ ) 17
01 = A, t > lo; ( )
the solution is
8o = A[l — e~ Kue—t0] Lz, (18)

as can be shown by substituting in Eq. (16). The step function is shown
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in Fig. 14 as a dotted line, and the response is shown as a full line. Itis
clear that the output approaches the input as the time beyond ¢; increases
without limit. The larger the value of K, that is, the larger the gain of
the amplifier and the larger the velocity constant of the motor, the more
quickly will the output approach the input. The error at any time ¢
is the difference between the dotted line and the full line. It falls to 1/e
of its initial value A in a period 1/K.

It is evident that the transient analysis and the steady-state analysis
display the same general features of the system. For example, we
see immediately from the transient solution that if the input were a sine

6

Fia. 1-4.—Response of a simple servo system to a step function.
wave of frequency f, the output would follow it closely only if the period
of the sinusoid were greater than 1/K, that is, f smaller than K.
The solution of Fq. (16) for an arbitrary input can be written in
terms of a ‘“weighting function.” If 4, is any input beginning at a finitce
time, the output will be

9(7(1) = K/ 01([ -_ T)(Z~K7(fT, ”())
0

as can be verified by substituting into Eq. (16). In the case of the input,
described by Eq. (17), the output can be computed as

f—tlo
8s(t) = / AKe k7 dr (20)
0
— A[l — oK —tu)l'
as found before. The function
Wir) = Ke *r (21)
is called the weighting function. Physically Eq. (19) means that at any
time ¢ the output is equal to a sum of contributions from the input at
all past times. Each element of the input appears in the output multi-

plicd by a factor W(r) dependent on the time interval 7 between the
present time ¢ and the time of the input under consideration. W(r) thus
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specifies the weight with which the input at any past moment contributes
to the present output. It will be noted that in this example the weight-
ing function is an exponential. When the time interval between input
and output is greater than 1/K, the contributions to the output will be
small; the remote past input will have been essentially forgotten.

To summarize, the simple system including proportional control, a
linear amplifier, and a motor with no time lag connected as a servo
system with negative feedback has been analyzed (1) as a steady-state
problem, (2) as a transient problem, and (3) as a problem involving the
weighing of the past history of the
input. All of these analyses give
essentially the same result that the
output is equal to the input for fre-
quencies below a critical value equal
approximately to K. One should
expect that there would be mathe-
matical procedures for going from
one type of analysis to another, and
such is indeed the case.

Another interesting type of
transient input often used in servo )
analysis is the disoontinuous change  1** L3 Nespere of ¢ snvle wrvo s
in the speed of 8, Such as input is ' ’
shown in Fig. 1:5 by the dotted line. The differential equation now takes
the form

0

tg t

1dé
K m“) + 0o = Ig(t - tn) for ¢ > t(); (22/"

0 for { < i,.
The output after time ¢, is

bo= B (1 —t) — x 11 — e xew]t (23)

This is shown as a full line in Fig. 1-5. It is obvious that as time increases,
the velocity of the output will eventually equal the velocity of the input;
there will, however, be an angular displacement or velocity error between
them. The ratio of the velocity to the error approaches the limit K as
t — oo ; this is readily seen from the equation

ds,
di BK K

& Bl —e¢Few| T 1= g kKiw (24)

This coefficient K, a product of the gain of the amplifier K; and the
velocity constant of the motor K., is called the velocity-error constant
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and will hereafter be written K,. If the loop were opened, it would be
the ratio of velocity to displacement at the two open ends. It is obvious
that the velocity error in this simple system could be reduced by increas-
ing K. In Chap. 4 we shall see that this error can be made equal to
zero by introducing integral control.

As indicated previously, any motor and its load will exhibit inertial
effects, and Eq. (6) must be modified by adding a term. The simplest
physical motor can be described by a differential equation of the form

d o

dt2
where J is the inertia of the motor (including that of the load referred to
the speed of the motor shaft); f. is the internal-damping coefficient
resulting from viscous friction, electrical loss, and back emf; and K, is
the torque constant of the motor. If there is no acceleration, the motor
will go at a speed such that the losses are just compensated by the input
V. This value of dfo/dt is determined by the relation

dbo
f’" d{

+ fm = K.V, (25)

= +K,V. (26)

Substituting from Eq. (6), we see that the internal-damping coefficient

f= can be written as
K,

fm = _K;
Thus the internal-damping coefficient of a motor can be computed by
dividing K, the stalled-torque constant (say, foot-pounds per volt),
by K., the velocity constant of the motor (say, radians per second per
volt). Equation (25) can be rewritten in the form

(27)

K, d%8 dalgl _ o B0 dbo
where
K.
Tw =J 5" K; (29)

the motor inertia appears only in the time constant T... In short, the
characteristics of the motor can be specified by stating its internal-damp-
ing coefficient and its time constant; these can be determined by experi-
mentally measuring stalled torque as a function of voltage, running speed
as a function of voltage, and inertia.

If we now use Eq. (28) instead of Eq. (6) as the differential equation
representing the behavior of the motor, we can find the output due to
an arbitrary input by solving the differential equation

V1 d*o | dbo\,.
01'—90—€~K1—m(Tm dit + dl)’ (30)
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in simpler form this is

T d%o |, doo

™ + qr + K.8, = K.#b, @31

where K, equals K,K,. This equation is similar in form to the dif-
ferential equation of an LRC series circuit driven by an external alternat-
ing generator.

Just as in the case of Eq. (6), we can write the specific solution of this
equation. It will perhaps suffice to get the general solution of the
equation that holds when 8; = 0:

do | dbo

T. el + 7 + K. = 0. (32)

Letting
P = a + jwg and P2 = a — juwq,

the solution can be written in the form

8o = aeP* + ber¥, (33)
where the p’s must satisfy
pqp 2oy K
p*+ T, + . 0. (34)

The solution of this is o

The nature of the solution depends on whether 4K,K,,T,, is less than,
equal to, or greater than 1. In the first case the radical is real and the
solution consists of overdamped motion (that is, @« < 1/27T,). In the
second case the output is critically damped, and in the last case the output
rings with a @ equal to /K 1K»T» (@ as defined in communication prac-
tice). The system is always stable, and the output approaches the value
of a constant input as { — .

It is characteristic of a second-order linear differential equation of this
type that the solutions are always stable; 6, is always bounded if 6; is
bounded. It is, however, unfortunately true that physical systems are
seldom described by equations of lJower than the fourth order, especially
if the amplifier is frequency sensitive and the feedback involves con-
version from one form of signal to another. For example, feedback
may be by a synchronous generator with a 60-cycle carrier (see Chap. 4)
which will have to be rectified before being added to the input. This
rectifier will be essentially a filter described by a differential equation of
an order higher than one. The question of stability therefore always
plays an important role in discussions of the design of servo systems.

1.4. History of Design Techniques.—Automatic control devices of
one kind or another have been used by man for hundreds of years, and
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descriptions of carly servolike devices can be found in literature at least
as far back as the time of Leonardo da Vinci. The accumulated knowl-
edge and experience that comprise the present-day science of servo
design, however, received a great initial impulse from the work and
publications of Nicholas Minorsky! in 1922 and H. L. Hazen! in 1934,
Minorsky’s work on the automatic steering of ships and Hazen’s on shaft-
positioning types of servomechanisms both contained mathematical
analyses based on a direet study of the solutions of differential equations
similar to those of Sce. 1-3.  This approach to the design problem was
the only one available for many years, and it was exploited with signifi-
cant success by intelligent and industrious designers of servomechanisms.

In 1932 Nyquist? published a procedure for studying the stability
of feedback amplifiers by the use of steady-state techniques.  His power-
ful theorem for studying the stability of fecdback amplifiers became
known as the Nyquist stability eriterion. In Nyquist's analysis the
behavior of the servo system with the feedback loop broken is considered.
The ratio of a (complex) amplitude of the servo output to the (eemplex)
error amplitude is plotted in the complex plane, with frequency as u
variable parameter. If the resulting curve does not encirele the eritical
point (—1, 0), the system is stable; in fact, the further the locus can be
kept away from the critical point the greater is the stability of the system.
The theory and application of this criterion are discussed in Chaps. 2
and 4. From the designer’s viewpoint, the best advantage of this method
is that even in complicated systems time can be saved in analysis and a
great insight can be obtained into the detailed physical phenomena
involved in the servo loop. Some of the earliest work in this field was
done by J. Taplin at Massachusetts Institute of Technology in 1937,
and the work was carried further by H. Harris,? also of Massachusetts
Institute of Technology, who introduced the concept of transfer functions
into servo theory. The war created a great demand for high-performance
servomechanisms and greatly stimulated the whole subject of servo
design. The supposed demands of military security, however, confined
the results of this stimulation within fairly small academic and industrial
circles, certainly to the over-all detriment of the war effort, and pre-
vented, for example, the early publishing of the fundamental work of
G. S. Brown and A. C. Hall.* The restricted, but nevertheless fairly

I N. Minorsky, “Directional Stability of Automatically Steered Bodies,” J. Am.
Soc. Naval Eng., 34, 280 (1922); H. L. Hazen, ““Theory of Servomechanisms,”
J. Franklin Inst., 218, 279 (1934).

2 H. Nyquist, ‘“Regeneration Theory,” Bell System Tech. J., XI, 126 (1932).
3 H. Harris, “The Analysis and Design of Servomechanisms,” OSRD Report

454, January 1942.
“(G. 8. Brown and A. C. Hall, “Dynamic Behavior and Design of Servo-

mechanisms,” Trans., ASME, 88, 503 (1946).
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widely circulated, publication in 1943 of The Analysis and Synthesis of
Linear Servomechanisms, by A. C. Hall, gave a comprchensive treatment
of one approach to the stcady-state analysis of servomechanisms and
popularized the name ‘‘transfer-locus’’ method for this approach. Some
of the important concepts introduced by steady-state analysis are those of
““transmission around a loop”” and the use of an over-all system operator.

In 1933 Y. W. Lee published the results of work done by himself and
Norbert Wiener, describing certain fundamental relationships between
the real and imaginary parts of the transfer functions representative of
a large class of physical systems. These basic relationships have been
applied in great detail and with great advantage by H. W. Bode® to the
design of electrical networks and feedback amplifiers. Several groups,
working more or less independently, applied and extended Bode’s
techniques to the servomechanism design problem, and the results have
been very fruitful. The resulting techniques of analysis are so rapid,
convenient, and illuminating that even for very complicated systems the
designer is justified in making a complete analysis of his problem. Asis
shown in Chap. 4, the complete analysis of a system can be carried
through much more rapidly than the usual transfer-locus methods per-
mit, and the analysis of multiple-feedback loop systems is particularly
facilitated.

1.5. Performance Specifications.—In designing a servomechanism for
a specific application, the designer necessarily has a clear, definite goal
in mind; the mechanism is to perform some given task, and it must do
so with some minimum desired quality of performance. The designer is,
therefore, faced with the problem of translating this essentially physical
information into a mathematical definition of the desired performance—
one that can then be used as a criterion of success or failure in any
attempted pencil-and-paper synthesis of the mechanism.

The most important characteristic of a servo system is the accuracy
with which it can perform its normal duties. There are several different
ways in which one can specify the accuracy of performance of a servo-
mechanism. The most useful, in many applications, is a statement of
the manner in which the output varies in response to some given input
signal. The input signal is chosen, of course, to be representative of the
type of input signals encountered in the particular application. Many
servos are used in gun directors and gun data computers, for instance, to
reproduce the motion of the target, a ship or a plane, being followed or
tracked by the director. Such motions have certain definite characteris-
tics, because the velocities and accelerations of the targets have finite
physical limitations. The performance of such servos is often partially

1H., W. Bode, “Feedback Amplifier Design,” Bell System Tech. J., XIX, 42
(1940).
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summarized by a statement of the errors that may exist between the input
and output motions under certain peak velocities and accelerations or
over certain ranges of velocities and accelerations. Alternatively, one
can specify what the errors may be as a function of time as the mechanism
reproduces some typical target course.

The performance of a servomechanism can also be specified in terms
of its response to a step function. The procedure of experimentally
and theoretically studying a servomechanism through its response to a
step-function input is extremely useful and is widely used for a number of
reasons. The experimental techniques used in such testing are simple
and require a minimum of instrumentation. The characteristics of any
truly linear system are, of course, completely summarized by its response
to a step-function input; that is, if the step-function response is known,
the response to any other arbitrary input signal can be determined. It
would be expected, therefore, and it is true, that with proper interpreta-
tion the step-function response is a powerful and useful criterion of over-
all system quality.

In some applications the input signals are periodic and can be analyzed
into a small number of primary harmonic components. In such cases
the performance of the servo system can be specified conveniently by
stating the response characteristics of the system to sinusoidal inputs of
these particularly important frequencies. With the increased use of
sinusoidal steady-state techniques in the analysis and testing of servo-
mechanisms, it has become fairly common to specify the desired frequency
response of the system, that is, the magnitude and phase of the ratio of
the output 6o to the input 8 as a function of frequency—rather than at
several discrete frequencies. If the system is linear, its performance is
completely described by such a specification, as it is by specification of
the response to a step function. Depending upon the particular applica-
tion and the nature of the input signals, one or the other type of specifica-
tion may be easier to apply.

In any practical case a servo performance will be required to meet con-
ditions other than that of the accuracy with which it is to follow a given
input under standard conditions. The top speed of a servomechanism,
such as will arise in slewing a gun or in locking a follow-up mechanism into
synchronism, may far exceed the maximum speed during actual follow-up
applications. 1t is sometimes necessary to specify the limits of speed
between which it must operate—the maximum speed and minimum
desirable speed unaccompanied by jump. For example, a gun-director
servo system may be required to have a slewing speed of 60° per second,
a top speed during actual following of 20° per second, and a minimum
speed of 0.01° per second. The ratio of maximum to minimum follc~ing
speed is here 2000. This speed ratio constitutes one criterion of goodness
of a servo system.
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In certain applications (for example, the control of the cutting head
of a large planer or boring mill or of the radar antenna aboard a ship) the
transient loading on the output member of the servomechanism may be
very high. Under these circumstances, a small error in the output should
result in the application of nearly the full torque of the motor; indeed,
considerations of transient load may require a source of power far in
excess of the dynamic load itself. Itis generally true in high-performance
servomechanisms that almost the entire initial load comes from the
armature or rotating element of the motor itself. Better designs of
servomotors have tended to increase the ratio of torque to inertia of the
motor rotor.

Three other practical factors are important in the design of good
servomechanisms and are hence often included in specifications: (1)
backlash, (2) static friction, and (3) locking mechanisms. Backlash
cannot be analyzed by a consideration of linear systems, because the
backlash destroys the exact linearity of a system. Practical experience
has shown that the backlash of the mechanical and electrical components
limits the static performance of a servo system. Backlash may occur
in gear trains, in linkages, or in electrical and magnetic error-sensitive
devices. Backlash often has the unfortunate effect of limiting the gain
around the loop of a servo system, thereby reducing its over-all effective-
ness. Increase in the gain of a servo system invariably results in oscilla-
tions of the order of the backlash; the higher the gain the higher the
frequency of these oscillations. The increased frequencies of oscillation
are accompanied by excessive forces that cause wear and sometimes
damage.

Static friction has the same discontinuous character as backlash.
If the static friction is high compared with the coulomb friction within the
minimum specified speed, extreme jumpiness in the servo performance will
result. The error signal will have to build up to a magnitude adequate to
overcome the static friction (sometimes called stiction). At this instant
the restraining forces are suddenly diminished and the servo tends to
overshoot its mark.

Locking mechanisms, such as low-efficiency gears or worm drives, are
troublesome in servomechanisms where transient loads are encountered.
The effect is that of high static friction, emphasized by the resulting
immobility of the device.

It is impossible to construet high-fidelity servomechanisms if mechani-
cal rigidity is not maintained in shafting and gearing. The introduction
of mechanical elements with natural frequency comparable to frequencies
encountered in the input is equivalent to introducing additional filters
into the loop. If such filters are deliberately put in to produce stability,
such design may be justified. Unfortunately, it is true that mechanical
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clements in resonant structures undergo tremendous dynamic forces
which may far exceed the stalled-torque loading on the elements. It is
generally desirable to specify, as a portion of design criteria, the mechani-
cal resonant frequency of the system.

Another practical consideration in servomechanism design arises from
the low power level of the input to the amplifiers. Except under extreme
conditions, the error signal is small and the gain of the amplifier may be
higher than one million. If, for example, the feedback mechanism con-
sists of electrical elements that may pick up stray voltages or generate
harmonics because of nonlinear elements in the circuits, these spurious
voltages may exceed the error signal required for the minimum specified
servo speed and, unless supressed, may even overload the amplifier.

The application of servomechanisms to the automatic tracking of
planes by radar and the application of filter theory to the smoothing of
observed data in general for gunnery purposes have brought to light the
need for considering the effects of noise in the system; this too must at
times be included in the performance specifications. In the case of the
automatic tracking of planes by radar (see Chaps. 4, 6, and 7), a radar
antenna mount is made to position itself in line with the target. The
antenna beam illuminates the target, and the reflections from the target
are received by the same antenna mount that transmits the signal. The
beam is made to scan in a cone at 30 eps, in such a manner that the signal
would come back at a constant signal strength if the target were in the
center of the beam. If, on the other hand, the antenna mount points to
one side of the target, the reflected signal is modulated at 30 eps. The
phase and amplitude of this modulation is the error signal; the phase
giving the direction and the amplitude the amount of the error. The
phase and amplitude are resolved into errors in elevation and traverse
and are used to actuate the servoamplifiers and servomotors on the anten-
na mount. Were it not for the fact that the reflections from the plane
fade in rather haphazard ways, the servo problem would be of the usual
type.. The presence of the fading in the error-transmission system,
however, makes necessary careful design of the system, with due regard
for the frequency distribution and magnitude of the fading. For exam-
ple, if the fading were characterized by a frequency of 5 cps, it would be
necessary to design the servo loop in such a way that at 5 cps the response
of the system would be either zero or very small. This is, fortunately, a
reasonable step, since no plane being tracked will oscillate with such a
frequency. If the fading should cover the spectrum from 5 cps to all
higher frequencies, then the frequency response of the servo system would
have to be equivalent to a low-pass filter with cutoff somewhat below
5 cps. On the other hand, the attenuation of the higher frequencics in
the response of the servo system is invariably accompanied by the intro-



SEc. 1-5] PERFORMANCE SPECIFICATIONS 21

duction of acceleration errors; for a fixed amplitude, acceleration goes up
as the square of the frequency. Such a system becomes sluggish and may
not follow a plane undergoing evasive tactics. A compromise must be
made between suppression of the fading and accurate following of the
actual motion of the target. Methods by which this can be done are
discussed in Chaps. 6 to 8.

There sometimes arises the problem of designing the best possible
servo system of a given order of complexity to meet a given need. Thisis
the subject of the second part of the book. The practice before the war
in the design of servos was to employ a mechanism adequate for the prob-
lem. The difficult problems encountered in the war, particularly in the
field of fire control, emphasize the necessity of designing the best possible
servo system consistent with a given kind of mechanism. It is not easy
to give a statement of what is the best performance. It has been com-
mon practice (though not a desirable one) to specify servo performance
in terms of the response, say at two frequencies, and to omit any state-
ment about the stability of the system in the presence of large transients.
It is obvious that a system designed to meet these specifications will not
necessarily be the best possible servo if the input contains frequencies
other than the two specified ones. Indeed, systems designed to a specifi-
cation of this type have shown such high instability at high frequencies
as to be almost useless in the presence of large transients.

If it is desired to design a ‘“best possible servo,” it is necessary to
define a criterion of goodness. Hall! and Phillips? have independently
applied the criterion that the rms error in the following will be minimized
by the ‘“best’ servo. For a full statement of the performance of such a
servo it is also necessary to deseribe the input for which the rms error is
minimized. In the case of the previous example of automatic radar
tracking of an airplane, the problem was to track an airplane on physi-
cally realizable courses of the type to be expected in the presence of anti-
aircraft fire.  The input to the servo drives of the antenna mount, except
for fading, might be the instantaneous coordinates of the plane flying any
one of a large number of paths, approximated as consisting of straight
segments; the character of the fading can be observed in a number of
trial runs with the radar set to be used. The order of the differential
equation describing the servo system was fixed by the characteristics of
the amplidyne, the d-c drive motors, and the amplifier. The problem
was to deterndine the proper value of the parameters available for adjust-
ment in the amplifier in such a way that the rms error, averaged over the
many straight-line courses of the target, should be a minimum. The use

L A. C. Hall, The Analysis and Synthests of Linear Servomechanisms, Technology
Press, Massachussetts Tnstitute of Technology, May 1943.
2R, 8. Phillips, “Servomechanisms,” RT, Report No. 372, May 11, 1943,
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of the rms-error criterion in this problem is justified principally by the
fact that it lends itself to mathematical analysis. It is obviously not
the best criterion for all types of problems; it gives too great an emphasis
to large momentary errors. In the antiaircraft case, large momentary
errors might correspond to one or two wild shots. Obviously, it is better
to have one or two wild shots, with all the rest close, than to have all
shots fall ineffectively with a moderate error. A better working criterion
has not yet been developed.

The rms criterion of goodness is particularly useful because it permits
one to take into account the presence of noise, provided only that the
frequency characteristic or the ‘‘autocorrelation function” of the noise
is known. The analysis given in the latter part of this book, although
difficult for practical designers, is important in industrial applications
where transient loading has definite characteristics and where best
performance is economically necessary. The loading constitutes in effect
a noise and can be treated by the methods there developed.




CHAPTER 2
MATHEMATICAL BACKGROUND

By H. M. Jaymrs axp P. R. Werss

INTRODUCTION

This chapter will be devoted to a discussion of the mathematical
concepts and techniques that arc fundamental in the theory of servo-
mechanisms. These ideas will, for the most part, be developed in their
relation to filters, of which servomechanisms form a special class.  More
specifically, the chapter will be concerned with the ways in which the
behavior of linear filters in general and servomechanisms in particular
can be described and with making clear the relations between the various
modes of description.!

The input and output of a filter are often related by a differential
equation, the solution of which gives the output for any given input.
This equation provides a complete deseription of the filter, but one that
cannot be conveniently used in design techniques. Other modes of
deseription of the filter are related to the outputs produced by special
types of input:

1. The weighting function is the filter output produced by an impulse
input and is simply related to the output produced by a step input.

2. The frequency-response function relates a sinusoidal input to the
output that it produces.

3. The transfer function is a generalization of the frequency-response
function.

These modes of description are simply related, and each offers advantages
in different fields of application.

Discussion of these ideas requires the use of mathematical devices
such as the Fourier transform and the Laplace transform. For complete
discussions of these techniques the reader must be referred to standard
texts; for his convenience, however, certain basic ideas are here presented.
Although it has not been intended that the analysis of the chapter should
be carried through with maximum rigor, the reader will observe that some
pains have been taken to provide a logical development of the ideas.

! The authors wish to acknowledge helpful discussions with W. Hurewicz in the
planning of this chapter.
23
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This development is illustrated by application to lumped-constant filters,
in terms of which the relations here discussed are especially easy to
understand.

Particular attention has been paid to the discussion of stability of
filters, which is of special importance in its application to servomecha-
nisms. The latter part of the chapter is devoted to a discussion of the
Nyquist stability eriterion and its application to single-loop- and multi-
loop-feedback systems. Parallel developments in the case of pulsed
filters will be found in Chap. 5.

FILTERS

2-1. Lumped-constant Filters.—The most familiar type of filter is the
electrical filter consisting of a network of a finite number of lumped
resistances, capacitances, and inductances with constant values. Figure
2-1 illustrates a particularly simple filter of this
type—an RC-filter consisting of a single resistance

R and a single capacitance C.
o ¢ Eolt) The input to an electrical filter is a voltage
Fro. 21—an RC-filer.  E1(¢) supplied by a source that may be taken to
have zero internal impedance; the output is an
open-circuit voltage Eo(f). Input and output are related by a differential
equation. In the case of the RC-filter of Fig. 2-1 this has the easily
derived form

R

° ©

TdTE';"+Eo=E,, (1)

where the quantity T = RC is the time constant of the network. In
general, the input and output are related by

dnEo dn—lEO _ de’
Gnmn— + an—l%_—l‘ + -+ ako=ba i
m—1
tban T B, @)

where the a’s and b’s are constants and m, n < 2N, N being the number
of independent loops in the filter network (including one loop through the
voltage source but none through the output circuit).

Since this formulation is less common than that in terms of mesh
currents, it may be desirable to indicate its derivation. In a N-mesh
network of general form, the mesh currents are determined by integro-dif-
ferential equations which may be written! as

1 See, for instance, E. A. Guillemin, Commaunication Networks, Vol. I, Wiley, New
York, 1931, p. 139.



SEc. 2-1] LUMPED-CONSTANT FILTERS 25

anty + @l + dagts + - - - A+ awiy = EI,
@21ty + Qaote + Qesls + ¢ 0 0+ aeniy = 0, (3)
axity + axoly + axgiz + ¢ © 4 awnin = 0,
where 7, is the current in the kth mesh and
. dz . 1 .
Ajrly = ij 7{; + R;k’lk + le; / dt k- (4)

The output voltage is determined by the mesh currents, through an equa-
tion of the form

axyi11ly + axp1,07 + ¢ - - 4+ anvpiniv = Eo. (5)
Equations (3) and (5) may be regarded as N + 1 equations in the 3N
quantities diz/dt, 1x, [didx, (k =1, 2, -+, N). To eliminate such

quantities from consideration and to obtain a direct relation between E,
and E;, one may form the first 2N derivatives with respect to time of
these N + 1 equations. One has then, in all, 2N + 1){(N + 1) equa-
tions in the N(2N + 3) quantities

dwriy, dﬂ\'[-k PP 1.1\', / di ik, (I\ — 1’ 2y PPN IN)

deN+ ges?

These equations involve also Eo, E: and their first 2N derivatives;
between them one can always eliminate the unknown mesh currents and
their derivatives, obtaining a linear relation between E; Eo, and their
first 2N derivatives. If some of the quantities Ly, Ry, and Cj, are zero,
it may not be necessary to take so large a number of derivatives in order
to eliminate the unknown current quantities; m and n may then be less
than 2N, as they were found to be in Eq. (1).t

When the input voltage E(¢) is specified, Eq. (2) constitutes a non-
homogeneous linear differential equation that can be solved to determine
Eo(t). The general solution of such an equation can be expressed as

'If one excludes negative values of L, R, and C from consideration (that is,
deals with a passive filter), then no equation will contain a term in dix/dt, i, or fdf i
unless a similar term occurs in the kth loop equation; this applies, in particular, to the
output equation Eq. (5). It follows that when one differentiates Egs. (3) to obtain
new equations with which to eliminate current variables, one obtains at least as
many new current variables as new equations. One can increase the number of
equations as compared with the number of current variables only by differentiating
Eq. (5) and with it a sufficient number of Eqs. (3) to make possible elimination of alt
the new variables; this may or may not require differentiation of the first of Eqs. (3).
The number of derivatives of Eo that must be introduced in order to eliminate all
current variables is thus equal to the original excess of variables over equations
required for their elimination; the number of derivatives of Ey that must be intro-
duced may be equal to this but need never be larger. Thus in the resultant Eq. (2)
oue will have n = m.
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the sum of any solution of the nonhomogeneous equation, plus the general
solution of the homogeneous equation obtained by setting equal to zero
all terms in E;:

d*E, K )
Un =i + a._, -({[—PT() + -+ ako = 0. (6)
In the particular case of the RC-filter deseribed by Eq. (1) the general
solution may be written as

-

t 4 ‘
Eo(t) = Ac T+ 7' [) dr Ei()e” T, ™

where the first term is the general solution of the homogeneous equation

1E
T+ Eo=0 ®)

and the second is a particular solution of the nonhomogeneous Eq. (1),
as is easily verified by substitution into that equation.

To determine the output voltage Eo(f) it is necessary to know both the
input function E;(¢) and the adjustable constants in the general solution
of the homogeneous equation. These latter constants are determined by
the initial conditions of the problem. One set of initial conditions is
especially emphasized in what follows: the condition that the system
start from rest when the input is first applied. The resultant output of
the filter under this condition will be termed its normal response to the
specified input. In the case of Eq. (7), the condition that Eq(t) = 0
at ¢t = 0 implies 4 = 0; the normal response of this filter to an input
E;(t) beginning at ¢ = 0 is thus

Eo(t) = 71 /ﬂ dr E,(T)c':’rf', (9a)

or, by a change in the variable of integration,

Eot) = —% /; dr E/(t — T)(‘_%. (9b)

2-2. Normal Modes of a Lumped-constant Filter.—The solutions of
the homogeneous differential equation [Eq. (6)] are of considerable inter-
est for the discussion of the general behavior of the filter. The filter
output during any period in which the input is identically zero is a solu-
tion of this homogeneous equation, since during this time Eq. (2) reduces
to Eq. (6). The output during any period in which the input E; is con-
stant can be expressed as the sum of a constant response to this constant
input,

bo

Eo = :1_0 El (10)
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(this being a solution of the nonhomogeneous equation), and a suitable
solution of Eq. (6). In this case the solution of the homogeneous equa-
tion can be termed the ‘transient response’’ of the filter to the earlier
history of its input. Transient response can, of course, be defined more
generally, whenever the input after a given time ¢, takes on a steady-state
form: The iransient response of the filter is the difference between the
actual output of the filter for £ > f{, and the asymptotic form that it
approaches. This asymptotic form is necessarily a solution of the non-
homogeneous Eq. (2); the transient is a solution of the homogeneous Eq.
(6).

The general solution of Eq. (6) is a linear combination of n special
solutions, called the normal modes of the filter; these have the form

hi(t) = therst, (1)

where k is an integer and p; is a complex constant. The general form of
the solution is then

Eo = cihi(t) + coha(t) + - - - + Cala(t); (12)

the values of the constants ¢; depend on the initial conditions of the solu-
tion or on the past history of the filter.

To determine the normal-mode solutions, let us try ¢ as a solution of
Eq. (6). On substitution of e? for Eo, this equation becomes

(axp™ + aueap™ '+ - - -+ ap)e = 0. (13a)

Thus e?t is a solution of the differential equation if '
P(p) = @.p* 4 anap™t 4+ - - - a0 =0. (13b)
This equation has n roots, corresponding to the n normal modes. If all
n roots of this equation, p1, P2, Ps, . . . , P, are distinet, then all normal-

mode solutions are of the form e?¢; if p; is an s-fold root, it can be shown
(see, for instance, Sec. 2-19) that the s corresponding normal-mode solu-

tions are
;L it 2 [ 2 —1
ert, fePt) [ePif, , (57 1emit,

Let us denote the possibly complex value of p; by
Di = o + Jo, (14)
where o; and w; are real.  If p;is real, the normal-mode solution is real:
hi(l) = thead, (15)

If p: is complex, its complex conjugate p} will also be a solution of Eq.

! It may be emphasized that the normal response of a filter is its complete response
to an input, under the condition that it start from rest; the normal response may
include a transient response as a part.
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(13b), since the coefficients a; are real valued; the normal-mode solutions
defined above will be complex but will occur in the transient solution in
linear combinations that are real:

%[h.-(t) RED)] = et cos wi, (16a)
2lj[h.-(t) — RX)] = trest sin wi. (16b)

If p;is purely imaginary there may be purely sinusoidal transients: sin wi,
Ccos wil.

It will be noted that the normal-mode solution will approach zero
exponentially with increasing ¢ if p; has a negative real part but will
increase indefinitely if the real part of p; is positive. If all the solutions
of Eq. (13b) have negative real parts, the transient response of the filter
will always die out exponentially after the input assumes a constant
value; the filter is then stable.! This may not be so if any p; has a posi-
tive real part; when it is possible for some input to excite a normal mode
with positive a;, then the output of the filter may increase indefinitely
with time—the filter is then unstable. It may also happen that the real
part of p; vanishes. If this root is multiple, there will be a normal mode
that increases indefinitely with time and will lead to instability of the
filter if it can be excited. If the imaginary root p; is simple, the normal
mode is sinusoidal; the system may remain in undamped oscillation after
this mode has been excited. It is physically obvious that in such a case
1 continuing input at the frequency of the undamped oscillation will
produce an output that oscillates with indefinitely increasing amplitude.
In the precise sense of the word, as defined in Sec. 28, such a filter is
unstable. In summary, then, we see that a lumped-constant filter con-
sisting of fixed elements is certainly stable if all roots of Eq. (13b) have
negative real parts, but may be unstable if any root has a zero or positive
real part.

2-3. Linear Filters.—The lumped-constant filters discussed in the pre-
ceding sections belong to the more general class of “linear filters.”
Linear filters are characterized by properties of the normal response—
properties that may be observed in the normal response of the RC-filter
of Sec. 2-1:

Eo(t) = % /: dr Ei(t — T)e'%. (9b)

1 The words “stable” and ‘“unstable’ are used here in a general descriptive sense.
We shall later consider the stability of filters in more detail and with greater generality
and precision; the ideas here expressed are intended only for the orientation of the
reader.
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These are

1. The normal response is a linear function of the input, in the
mathematical sense. If y:(f) is the normal response of the
filter to the input z,(¢) and ys(f) is the normal response to the input
z2(t), then the normal response to the input

z(t) = cixi{t) + coxa(t) (17)
(c1 and ¢ being arbitrary constants) is
y(@) = cwi(t) + e (D). (18)

2. The normal response at any time depends only on the past values
of the input.

3. The normal response is independent of the time origin. That is,
if y(¢) is the normal response to an input z(¢), then y(¢ + ;) is the
normal response to the input z(¢{ 4 ¢). This requirement is,
essentially, that the circuit elements shall have values independent
of time. This constitutes a limitation, though not a serious one,
on the types of filters that we shall consider.

It should be pointed out that although few practical filters are strictly
linear, most filters have approximately this behavior over a range of
values of the input. Consequently, the idealization of a linear system is
widely useful and does lead to valuable predictions of the behavior of
practical systems.

1
R
AN WN———
FH= C(n

o— —O0 14

Fre. 2:2.—A filter in Fia. 2:3—Current I through a
which the capacity is a diode rectifier as a function of the
function of time. potential difference V between an~

ode and cathode.

It should be emphasized that the requirement of linear superposition
of responses (Item 1 above) does not suffice to define a linear filter; the
circuit elements must also be constant in time. An example of a ‘““non-
linear”’ filter can be derived from the filter of Fig. 2-1 by making the
capacity change in time—as by connecting one of the plates of the con-
denser through a link to the shaft of a motor (Fig. 2-2). In spite of the
fact that the superposition theorem [Eqs. (17) and (18)] applies to this
filter, it is not linear, and its normal response cannot be written in an
integral form such as Eq. (9b).

An example of a filter that is nonlinear in the conventional sense is
the familiar diode rectifier. The current through the diode and the out~
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put voltage is different from zero only when the potential difference
between the anode and cathode is positive (Fig. 2-3). The superposition
thearem above does not hold for this system.

lr—al
Input E Output  For example, if z:({) = 4, a constant, and
= x2(f) = A sin wf,.it is easy to see that the com-
= bined output to z,(f) + z.(f) is not the sum of

Fig. 2-4.~—A mechanical filter. the outputs due to z:(¢) and z.(¢) separately.

An example of a mechanical filter is sketched in Fig. 2-4. The input
and output shafts are connected through a spring and flywheel; the fly-
wheel is provided with damping that is proportional to its speed of rota-
tion. Such a filter can be made to be linear, at least for small angular
displacements of the input and output shafts.

THE WEIGHTING FUNCTION
It will be noted that the relation

Eolt) = ﬁ ‘o B — e T (95)

expresses the output of a particular linear filter as a weighted mean of all
past values of the input; more precisely, the input at a time { — 7 con-

tributes to the output at time ¢ with a relative weight ¢ T that is a func-
tion of the elapsed time interval . (It must be remembered that in this
example E;({) =0 if £ < 0.) This method of relating the input and
output of a filter by a weighting function is generally applicable to linear
filters and is of great importance. The weighting function itself is closely
related to the normal response of the filter to an impulse input. We
shall begin, then, by considering the normal response of linear filters to
this particular type of input.

2.4. Normal Response of a Linear Filter to a Unit-impulse Input.—
The unit impulse or delta function §(f — #,) is a singular function defined
to be zero everywhere except at { = 5, and to be infinite at £ = {, in such
2 way that it possesses the following integral properties (f; < f2):

{2
f AFESE — L) =0  ifty > toorty < to, (19q)
¢

1

f” dat f(1)8(t — 1p) = %f(tn) flo=tort = lz, (195)

-[“ dt f(5)s(t — to) = f(to) if ty <t <o (19¢)

The function 8(f — #,) may be considered as the limit of a continuous
function 8,(¢ — &) that is symmetrical in ¢ about the point ¢ = f, and
depends upon a parameter « in such a way that
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+ =
f At 8a(t — o) = 1, (200)

Bm 8a(t — fo) =0  if ¢ 5 o, (200)

a—0

Examples of such functions are

1 _(’;’D)2
5,,(1’ — L’u) = a’\/"—r(’ ).
sin?
Sult — 1) =2 -,

b (t;tT)zg’

as « approaches zero, these functions tend to take on the properties
assigned to the unit-impulse function.

The normal response of a linear filter to a unit impulse applied at the
time ¢ = 0 is denoted by W (t); it will be called the weighting function, for
reasons to be made evident later. We have, of course,

W@ =0 ift<o. (22)

The weighting function may be discontinuous and may even include
terms of the delta-function type for t, = 0.

The normal response of a linear lumped-constant filter to an impulse
input can be determined by consideration of the governing differential
equation [Eq. (2)]. After the moment of the impulse, E; will be zero,
and the response W (¢) must be a solution of the homogeneous differential
equation [Eq. (6)]; that is, it must be a linear combination of the normal
modes of the filter. At the moment of the impulse W({) may be dis-
continuous; it will even contain a term of the form ¢5(¢) when the filter is
such that the output contains a term proportional to the input.

In the case of the simple RC-filter described by Eq. (1) there is only
one normal mode,

11
b= e T, (23)

and the weighting function is of the form

W) = Ae"T, &3>0, ’ (24)
W) =0, t < 0.

One can determine the constant A by integrating Eq. (1) from — » to ¢;
with E, = W{¢) and E; = 5(¢) this becomes

[3

TW() + /_t dr W(r) = /

dr 8(1). (25)
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If £ > 0, we have, by Eqgs. (19¢) and (24),

t t
TAe T — AT(e T — 1) =1, (26a)
whence
A = 71 (26b)

The form of W(¢) can be determined by similar methods when there is
more than one normal mode. Another method of solution, employing
the Laplace transform, will be indicated in Sec. 2-19.

The normal response to a unit impulse can also be determined from
an integral formulation of the response to a general input. In the case
of our simple RC-filter, one would start with Eq. (9a). The normal
response to a unit impulse at time £, > 0 becomes

¢ t—r
Eolt) = %/ 5t — t)e” T dre @7)
0
then, by Eqgs. (19),
1 _t—!o
— 2T
Bot) = ¢ T, t>b, (28)
Eo(t) = 0, i < to.

It follows that for this filter

5

12
W) = —e T, t >0,
W) = 0, £ < 0.

(29)

This function is shown as curve a in Fig. 2-5.

The RC-filter shown in Fig. 2-6 has a delta-function term in its
weighting function. Its output is deter-
mined by the differential equation

b
1 .
Eo(t) dE, — 7, %
° a T a4 + Eo =T, i’ (30)
0 t — where
Fia. 2:5—Th 1 -
spon;g of the circﬁitnooann?g. ;-el T, = RC. (31)

with 7 =1 (a) to a unit- . . .
impulse input at ¢ —= 0 and () 1he normal-response solution of this equation

:" “0“““3'5"39 input starting 2t for an input E: that begins after time ¢ = 0
) is

t—r

olt) = E«(t) — Tll ﬁ dr Ex(r)e T1 (32)

as can be verified by substitution into Eq. (30). The response of this
filter to the impulse input

Ei®) = 8(t — to), t >0, (33)
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is then
t—to

Eo(t) = 6(t — to) — 711 e Tv; (34)

it follows that

W) = (1) — T—l T, (12 0). (35)

In the discussion that follows we shall consider the weighting function
W () as a primary characteristic of a filter rather

than as a derived quantity to be obtained, say, by ¢

solution of a differential equation. Experimen-

tally, it is sometimes practical to obtain the weight-  E, (¢) R3 Ey(t)
ing function by recording the response of the filter

when a large input is suddenly applied and re- Fie. 26.—An RC-

moved. (It is, of course, essential that thisinput filter with a <}ilelta-f_unc-
should not overload the system.) When this is lt:f’gn{iirc'ﬁof the weight-
done, the time duration of the input pulse A¢ should

be short compared with any of the natural periods of the filter; that is,
one should have

At dW (t)

K W) (36)

for all £, Otherwise, small variations in W(f) may be obscured. An

alternative method for the experimental determination of W{¢{) will be
indicated in Sec. 2-7.

2.6. Normal Response of a Linear Filter to an Arbitrary Input.—The

normal response of a linear filter to an arbitrary bounded input E:(¢)

with at most a finite number of discontinui-

ties can be conveniently expressed in terms of

the response to a unit-impulse input. We

E; (1) A shall assume that E:;({) =0 whent < 0.
| This function can be approximated by a set
k=t T— of rectangles as shown in Fig. 2-7. In com-

{—

Fia. 2-7—Approximation Puting its effect on the filter output, the por-
of a function Er(®) by aset of tion of the input represented by a very narrow
rectangles. rectangle of width A¢; and height E;(t,), at
mean time ¢;, can be approximated by the impulse input Ei(t:) At §(¢ — £1);
the ability of a filter with a finite response time to distinguish between a
true impulse input and a pulse of duration A¢ with the same time integral
diminishes as Af approaches zero. One is thus led to approximate the
input E;(¢) by a sum of impulses:

Eit) = ) Eilta) Ao 3 = t). @7
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The normal response of a linear filter to a succession of impulse inputs
will (by the definition of linearity) be the sum of the responses to each of
these inputs. We have now to sum the responses to the incremental
inputs of the rectangular decomposition of E;{t) given by Eq. (37); the
resultant sum will approximate the normal response Eo(¢) to the input
E; ().

Let us first split off from the weighting function any delta-function
singularities, writing

W(t) = Wo(t) + Coa(t) + clﬁ(t - T],) + Cza(l - 1"2) + oy, + (38)

where 0 < 7y <72, < . .., and W(?) is a bounded but not necessarily
continuous weighting function. To a unit-impulse input at time ¢ = 0
this filter gives a bounded output W,(¢), plus impulse outputs at times
t=0, 7y 72 . .., with relative magnitudes ¢y, ¢1, €2, . . . . Thesé
parts of the filter response can be considered separately.

The significance of the delta-function terms in the weighting function
is easily appreciated. If there is a term ¢, 8(¢), the filter gives in response
to an impulse input a simultaneous impulse output with magnitude
changed by a factor co; in response to an arbitrary input E(f) it gives an
output coE;(f). Similarly, corresponding to the term ¢8(¢ — ;) in
the weighting funetion there is a term ¢, E;(! — ;) in the response to
the input E:(2).

Now let us consider the part of the filter response associated with the
bounded function W(f). This part of the response to an impulse input
8(t — &) at time £, is given by Wo(t — £1); the response to a differential
input E(¢:) 8(t — ¢1) Aty is thus E(t;)W(f — ¢) Afy, and the correspond-
ing response of the filter to the approximate input [Eq. (37)] is

z Et)Wolt — £) Aln.

In the limit as the A¢’s approach zero, this becomes
L” dty Ext)Wolt — 1),
the exact output due to the bounded part of the weighting function.

Since Wy(t) vanishes for negative values of the argument, we may take
the upper limit of the integral at #; = ¢, and write

Eo(t) = CoEI(t) + ClEl(t - T1) + <t + ﬁ dtl E[(tl)Wo(t - tl) (39)

This representation will be valid even when the input contains impulses
occurring between the time 0 and . A more compact and more generally
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useful form is
t+
Eo(t) = /; diy E;(G)W (i — ). (40)

Each delta-function term in the weighting function gives rise to one of
the terms appearing before the integral sign in Eq. (39). When the
weighting function contains the delta function ced(f), it is necessary to
indicate the upper limit of the integral as {4+ (that is, ¢ approached from
above) in order to include the whole term coE/(¢) in the response rather
than just half of it. The more compact notation also requires that one
write

t2-+A

f d(x 5(h - tg) 6(t - t1> = 5(t - fz) (41)

ta~A

when there are delta functions in both the input and weighting functions.
On introduction of the new variable of integration

T=1—bh, (42)
we have

Eo(t) = ’/0~ dr E;(t — n)W(r). (43)

This gives the normal response to an arbitrary input as an integral over
the past values of the input, each of these values being weighted by the
response of the filter to a unit-impulse function.

Equation (9b) illustrates this result in a special case in which W(t) is
given by Eq. (29); Eq. (9a) is similarly a special case of Eq. (40}.

2-6. The Weighting Function.—The weighting function provides a
complete characterization of the filter. As we have seen, the normal
response t0 any input can be computed by means of the weighting func-
tion. In addition, from the weighting function of a lumped-constant
filter one can determine the normal modes of the filter, these being the
terms of the form t*¢?¢ into which W(¢) can be resolved.

The weighting function expresses quite directly what may be called
the “memory”’ of the filter, that is, the extent to which the distant past
of the input affects the response at any time. This is evident in the
width of the weighting function; the “memory’’ may be termed long or
short according to whether the weighting function is broad or narrow.

The ‘“memory’’ determines the distortion with which the filter output
reproduces the input to the filter; the filter will reproduce well an input
that changes but little withio the length of the memory of the filter, but it
will distort and smooth out changes in the input that take place in a
period small compared with the memory. Another aspect of the memory
is the lag introduced by the filter. If the input is suddenly changed to a
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new value, the output acquires the corresponding new value only after
a period of lag determined by the width of the weighting function.
Examples.—We have already examined the weighting functions of
two simple RC-filters, as given by Eqs. (29) and (35).
L

——

Ey(t) ]]L'[C E,(t) Wm!/\\//\\//\z*

Fig. 2-8.—(a) An LC-filter; (b) the weighting function of the circuit shown in (a).

The differential equation for a filter consisting of an inductance L
and capacity C, as shown in Fig. 2-8a, is

d2 2\ 2 2 1
W —+ w,,) E, = w,,,EI, w, = L_C (44)

The weighting function is sinusoidal for ¢ > 0, with the angular frequency
W'
W(t) = wa sin wat; (45)
this is sketched in Fig. 2-8b.
A filter with feedback, such as the servo illustrated in Fig. 1-3, may
be governed by the differential equation

& (Tdn—}-i-}—K 0o = K6 46
wy s L drr ' dt o= A (46)
[‘\?\ <1 . C

0 VA where K is a constant. The weighting func-
tion for this filter will be derived by applica-
/ tion of Laplace transform methodsin See. 2-17.
|| The results are as follows. Let
™~
W / PSE Wi = If (47a)
0
[ ! 1
W) {71 = Q(R’Tf)l (47b)
0 .

m Y
Fie. 20— Weighting func- The quantities w. and ¢ are called the un-
tion of a simple servomechan-  damped natural frequency and the damping
ism  for different relative o hl - . e .
valdes of the constants, .Ia,tl(), respectively.  When g“ <.1, the ay.ster.n
is underdamped, and the weighting function is

w

=5

When ¢ = 1, the system is critically damped; the weighting function is

W) = e~fent gin [(1 — £2)%w.t]. (48)

W) = w? tent, (49)
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When ¢ > 1, the system is overdamped, and

W) =

_Wn leat]pD¥Reat =D Hent] 50
20T — 1)% € e € 1 (50)
These three forms of the weighting function are illustrated in Fig. 2-9.

2-7. Normal Response to a Unit-step Input.—The unit-step function
u(t) is defined as follows:

w(t) = 0 ift<0,}

u@) =1 if¢=0. (61)

The normal response of a filter to a unit-step input is closely related
to its weighting function. In particular, the normal response to a unit

step at time £ = 0 is, by Eq. (43),

JE[(1)aL,

t )
U@ = fo_ dr W(n). (52) E

=
. . s . E, (0) raly
Just as the unit-step function is !

the integral of the unit-impulse
funcgon’ 80 the resPonse to a unit- Fra. 2-10.—Approximation of a {unction
step input is the integral of the E1(t) by a set of step functions.
response to the unit-impulse in-
put. Conversely, the weighting function of a filter can be determined
experimentally as the derivative of the output produced by a unit-step
input. The form of the function U({) for the RC-filter of Fig. 21 is
illustrated in Fig. 2-5.

Let us assume that both E:({) and W({#) are well-behaved functions,
with E;(f) making an abrupt jump from the value 0 to E;(0) at time
t = 0. Integrating Eq. (43) by parts, we obtain

e f ‘ dar (Ed. Eit — T))U(T), (53a)
0— 0— T
Eo(t) = E:(O)UE) + /0 _drEj(t — nU(), (53b)

4

{ —=

Eo(t) = Ei(t — n)U(r)

r+
Eo(t) = E:(0)U¢) + / At E () Ut — &), (53¢)
0

where the prime is used to denote the derivative with respect to the indi-
cated argument. The output of the filter is here expressed as the sum
of responses to the step funections into which the arbitrary input can be
resolved (see Fig. 2-10): an initial step of magnitude E;(0) at time { = 0
and a continuous distribution of infinitesimal steps of aggregate amount
Ei(t:) Aty in the interval Az, about the time ¢,. The corresponding forms
of the relation when £, has other discontinuities or U increases stepwise
(W contains delta functions) will need no discussion here.
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2-8. Stable and Unstable Filters.—Thus far in the discussion of the
weighting function we have made no distinction between stable and
unstable filters. This was possible only because attention was restricted
to input functions that differ from zero only after some finite time. To
proceed further we must define stable and unstable filters. A stable
filter is one in which every bounded input produces a bounded output;
that is, the normal response of a stable filter never becomes infinitely
large unless the input does so. An unstable filter will give an indefinitely
increasing response to some particular bounded input, though not, in
general, to all such inputs.

The weighting function affords a means of determining whether a
given filter is stable or unstable, through the following criterion: A linear
filter is stable if and only if the integral of the absolute value of the

wetghting function, /;) j dr |W(r)|, 7s finite. Thus, the second of the

filters mentioned in Sec. 26 is unstable, since /; " dr |sin wor| does not

converge.

To prove that the convergence of this integral assures the stability of
the filter we need to show that if E;(¢) is bounded, that is, if there is a
constant M such that |E;(f)| < M for all ¢, then Eo(¢) is also bounded.
The filter output may be written

Eo(t) = /:)_ dr E;(t — 7)W(r), (43)

since we restrict our attention to E/’s that are zero for negative values of
the argument. As the absolute value of an integral is certainly no greater
than the integral of the absolute value of the integrand, we have

|Eo(t)] = /;_ dr |E(t — 7)||W()]. (54)

The inequality is strengthened by putting in the upper bound for E,(2)
and extending the range of integration:

|EBo(f)] = M /(: dr |W(7)). (55)

Thus, if ﬁ) " dr |W(r)| exists, Eo(t) is bounded.
The proof of the second part of the stability criterion—that the filter
is unstable if /(; j dr |W(r)| does not converge—is somewhat longer and

will be omitted here. It involves the construction of an input Ei(f)
that will make Eo(t) increase without limit, and is essentially the same as
the corresponding proof given, in the case of pulsed filters, in Sec. 5-3.
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The relation of this result to the earlier discussion (Sec. 2:2) of the
stability of linear lumped-constant filters is easily understood. We have
noted (Sec. 2-4) that the weighting function of such a filter is a linear
combination of its normal-mode functions,

W(t) = co 8(f) 4 cihi(t) + cha(t) + - - - + caha(D), (56)

the h’s being given by Eq. (11). Now the integral /Om [h:(®)} dt will not

converge for any normal-mode function h; that has a; 2 0, nor can one

form any linear combination of these functions for which such an integral
converges. Thus the integral _/;] j [W(#)| dt will converge if, and only if,

the weighting function contains no normal-mode function for which
a; 2 0. Stability of the filter is thus assured if all the roots of Eq. (13b)
have negative real parts, in accord with the ideas of Sec. 2:2. On the
other hand, the filter may be stable even when there exist roots with
nonnegative real parts if the corresponding undamped normal modes do
not appear in the weighting function, that is, if they are not excited by
an impulse input. Since any input can be expressed as a sum of impulse
inputs, this is sufficient to assure that no undamped modes can be excited

by any input whatever. The convergence of _/(; j |W(r)| dr as a criterion

of the stability of a filter is thus precise and complete; in effect, it offers
a method of determining what normal modes of a filter can be excited—
not merely what modes can conceivably exist.

Only when a filter is stable is it possible to speak with full generality
of its response to an input that starts indefinitely far in the past. We
have seen that for a bounded input E:(f) which vanishes for ¢ < 0, the
normal response is

Eot) = -/;_ E(t — r)W(z) dr. (43)

If E: has nonzero values when the argument is less than zero, the upper
limit of integration must be correspondingly extended; if the input began
in the indefinitely remote past, we must write

Eo(t) = ./(: Et — n)W(r) dr. (57)

If the filter is stable—and hence if j(-) j |W(r)| dr < wo—then the integral

in Eq. (57) will converge for any bounded input. If, however, this exten-
sion of the limit is attempted in the case of an unstable filter, the resulting
integral may not converge. This corresponds, of course, to the possibility
that an unstable filter subject to an arbitrary input in the indefinitely
remote past may give, at any finite time, an infinitely large output.
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We shall therefore apply Eq. (57) only in the treatment of stable
filters; in dealing with linear filters in general, and unstable ones in
particular, it will be necessary to use an equation of the form of Eq. (43)
and only inputs that start at a finite time.

THE FREQUENCY-RESPONSE FUNCTION

To this point we have considered the response of a linear filter to two
special types of inputs—impulse and step inputs—and the related weight-
ing function by which the filter may be characterized. We now turn our
attention to another special type of input—the pure sinusoidal input—
and the related frequency-response function, which also serves to charac-
terize any stable linear filter.

We shall see that the response of a stable filter to a pure sinusoidal
input function is also sinusoidal, with the same frequency but generally
different amplitude and phase. The frequency-response function
expresses the relative amplitude and phase of input and output as func-
tions of frequency. It is defined only for stable filters, since a pure
sinusoidal input must start indefinitely far in the past and can thus be
considered only in connection with a stable filter. [The input

Eit) = 0, t <0, 5
E](t) = A sin (.uot, i > 0, } ( 8)

which might be applied to an unstable filter, is not a pure sinusoid but a
superposition of sinusoids with angular frequencies in a band about wo.]

The importance of the frequency-response function rests on the fact
that any function subject to certain relatively mild restrictions can be
written as the sum of sinusoldal oscillations (Sec. 2-11). The response
of a linear filter can be expressed as a similar sum of responses to the
sinusoidal components of the input by means of the frequency-response
function, which relates corresponding components of input and output.

2.9. Response of a Stable Filter to a Sinusoidal Input.—In dealing
with sinusoidal inputs and outputs it is convenient to use the complex
exponential notation. The general sinusoidal function of angular fre-
quency w can be represented by a linear combination of the functions
sin wf and cos wt or, more compactly, by a cos (wt + ¢), where a is the
amplitude and ¢ the phase with respect to some reference time. An
even more compact notation is obtained by representing this sinusocid
by the complex exponential

Aeiet = geldeit, (59)
of which a cos (of + ¢) is the real part. Here phase and amplitude are

represented together by the complex factor A = ae’®, of which a is the
magnitude and ¢ the phase. A change of amplitude by a factor b, together
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with a change of phase by A¢, is then represented by multiplication of
the complex exponential by the complex number be/*¢; this changes the
multiplier of e™* to abe/®*2¢) and the real part of the whole expression
toab cos (wt + ¢ + Ad).

When a complex function is used to denote a filter input, a complex
expression for the output will result. Because of the linear property of
the filter, the real part of this complex output is the response of the filter
to the real part of the complex input, and similarly for the imaginary
parts of input and output. It is thus easy to interpret in real form the
results obtained by considering complex inputs.

Use of the complex notation makes it easy to prove that a sinusoidal
input to a stable filter gives rise to a sinusoidal output. Let

Ei(t) = Aei+t, (60)
Then, by Eq. (57), we have
Eo(t) = A / dr el W(r) (60a)
07
= At / dr e~ W (7), (600)
0—

where W () is the weighting factor of the filter. For reasons that will
be evident later we shall denote the convergent integral in Eq. (60b) by
Y (jw):

Y (jo) = /(; dr e=i W (). (61)
Then
Eo(t) = AY (Juw)e*t. (62)
Thus the filter output is sinusoidal in time; it differs from the input by a
constant complex factor Y (jw). For unstable filters the integral in Eq.
(61) will, in general, not converge.

Considered as a function of the angular frequency, Y (jw) is called the
frequency-response function. This funetion expresses the amplitude and
phase difference between a sinusoidal input at angular frequency w and
the response of the filter. The input amplitude is multiplied by the

factor
Y (jw)| = [Y (jo) Y*(jw)]*%, (63)
and the phase is increased by
L Y(e) — Y*(ﬁ»)]
1o X7 ~ 1 1= D
j [Y(m F () 6

where the asterisk denotes the complex conjugate.
Experimentally, the frequency-response function of a filter can be
determined by comparing the amplitude and phase of sinusoidal inputs

¢ = tan
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at various frequencies with the amplitude and phase of the corresponding
outputs. In order to compensate for the fact that any real input starts
at a finite time, it is necessary to regard as the response only that part of
the output in which the amplitude and phase do not change with time,
that is, the so-called ‘‘steady-state response.”

2.10. Frequency-response Function of a Lumped-constant Filter.—
The frequency-response function of a lumped-constant filter is easily
determined from the differential equation of the filter. In this equation

arE d~—'E
Qn dt"o + an—l’Fg + cot ot + aoEo
V75 o} dmE
= bp dt"‘l + b d—t'”:il + -+ bOEI, (2)
we may set
E, = eivt
; 65
Ep = Y(jw)el } (65)
We have then, on carrying out the differentiations,
[a.(je)® + ans(jo)** + - - -+ agd Y (jw)et
= [bu(jo)™ + buos(jo)™ 7 + - -+ bole,  (66)
whence
L bnlGe)” bt - by
Y(jw) = 0n(G0)” + @ni(Go)™ ' + - - -+ o (67)

The frequency-response function of such a filter is thus a rational func-
tion, the ratio of two polynomials in jo with coefficients that appear
direetly in the differential equation.

1

[YGw)|
e 0
w Plw) il
(a) % (b

Fia. 2-11.—(a) The amplitude amplification and (b) the phase shift of the circuit of Fig, 2-1.

As examples we may take the two stable filters considered in Sec.
2:6. For the simple RC-filter of Fig. 2-1 we have, on reading the required
coefficients from Eq. (1),

Y(ju) = (68)

L
JoT 41




SEc. 2:11] THE FOURIER INTEGRAL 43

The amplitude amplification and phase shift are
Y (jo)| = (1 + «*T?)7%, (69a)
¢ = tan~Y(—wT); (69b)

these functions are plotted in Fig. 2-11.
The frequency-response function of the. simple servomechanism

described by Eq. (46) is
K “’31
K = Ta?) + jw (@ — w) + 2ogw
The amplitude amplification and phase shift are
2\ 2 2 |-
\Y ()| = [(1 - j—) + 4;2:7] : (71a)

n

%(2)

Y(jw) = (70)

¢ = — tan™! TN (71b)
(@)
these quantities are plotted as func- '
tions of w in Fig. 2-12, for ¢ = 3.
2-11. The Fourier Integral.—We 1
have now to consider how an arbitrary .
input can be expressed as a sum or in- ¥ w)
fegral of sinusoidal components. '
The representation of a periodic
function by a Fourier series! will be 0 o T—=
assumed to be familiar to the reader. (a)
Any function ¢(¢) that is periodic in
time with period T, is of bounded vari- 0
ation in the interval Wy ==
-T T Plw)
—5- <t < 5
T
and is properly defined at points of z
discontinuity can be expressed as an
infinite sum of sinusoidal terms with

frequencies that are integral mul- A ik -

tiples of the fundamental frequency (4
Fia. 2:12.—(a) The amplitude am-

1 plification and (b) the phase shift of a
f1 = _. (72) simple servomechanism, as given by
T Eqgs. (71) with ¢ = }.

1 A. Zygmund, Trigonometrical Series, Zsubwenezi Funduszu Kultury Narodowe;j,
Warsaw-Lwow, 1935; E. T. Whittaker and G. N. Watson, Modern Analysis, Mac-
millan, New York, 1943.
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In terms of complex exponentials one can write

+ =
g()) = Z Ane2Filsm (73a)

n= — o

where the coefficients a, are given by
1 [T
On = 7 / dt g(t)e 277, (73b)
T J 12

When the function g(t) is not periodic but satisfies other conditions—
the convergence of /_+: dt |g(8)] is sufficient—it is possible to represent

the funetion, not by a sum of terms with discrete frequencies nfy, but by a
sum of terms with all frequencies f:

+ w
git) = /“ . df A(f)er=ise, (74a)

This integral will often converge only in a special sense. Thefunction
A(f), which gives the phase and relative amplitude of the component with
frequency f, can be computed by means of the formula

4 =
A(f) = [_ dt g(t)e e, (74b)

Equations (74) provide an extension of Egs. (73) for the limit as
T — =. The reader is referred to standard texts! for a complete dis-
cussion. It will suffice here to show that the extension is plausible. Itis
obvious that we can construct a function A(f) that is periodic with the
period T and is identical with ¢g(¢) in the interval (—7/2 < ¢ < T/2).
Moreover, this can be done however large the (finite) fundamental period
7T is made. For each value of T, Egs. (73a) and (73b) hold, with h{t)
in the place of g(t). It is plausible to assume that these equations hold
in the limit as T — . If weset f = n/T, df = 1/7, and Ta, = A(f),
then as T becomes infinite h(z) becomes ¢(¢), and Eqgs. (73a) and (73b)
become Eqgs. (74a) and (74)) respectively.

For many purposes it is convenient to express the Fourier integral
relations in terms of the angular frequency w = 2xf. With this change of
variable, Eq. (74a) becomes

1 +e w\ .
g(t) = ﬂ /‘ . dw A (‘2‘;) erat, (75)

L E. C. Titchmarsh, Introduction to the Theory of the Fourier Integrals, Clarendon
Press, Oxford, 1937.
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As an alternative form, we shall write

1 [t Ny
9) = 5= / _ dwG(jw)e, (76a)

where
+ =
G(jw) = / dt g(t)e7t. (76b)

Considered as a function of the real angular frequency w, G(jw) will be
termed the Fourier transform of ¢(3).

It is clear that A(f) and G(jw) are in a sense both Fourier transforms
of g(t), since they represent the same function of frequency. They are,
however, different functions of their indicated arguments, with

A(f) = G(2njf). 7N
In this chapter we shall hereafter deal only with the representation G(jw),
in order to proceed conveniently from the Fourier transform to the
Laplace transform.

It should be noted that if g(¢) is an even function of ¢, g(—1) = g(1),
then

Gjo) = 2/ dt g(t) cos wi. (78a)
0
It follows that G(w) is an even real-valued function of w and that g(t) can
be written as
o) = }r / do Gjw) cos . (78b)
0

If g(¢) is an odd function of ¢, g(—f) = —g(¢), then

Gljw) = 25 /0 dt g(i) sin wi. (79a)

Since G(jw) is then an odd function of w, one can write
o) =2 / de G(jw) sin wl. (79b)
0

As an example of the Fourier integral representation, let us consider
the function
9@t) = eV, (80a)

shown in Fig. 2-13a. Then by Eq. (76b)

+ »
C(jo) = / dt g~alri~iot

0 o
[ dil el—iwtart + f dl e—{iartalt
~ » 0

1 1
a—jw+a+jw.

I

(81)
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Thus
2a

G(jw) = m; {(800)
this function ig plotted in Fig. 2-13b. The Fourier integral representation
of the given function is, by Eq. (76a),

+ =
—alt] — a/ Ll
€ . dw T+ ot
The validity of this representation can be proved by evaluating the
integral, for instance, by the method of residues.! As a brief review of

eiut_ (82)

G(jw)

g(t) ii i i
i a w—»
a b

Fra, 2:13.—(a) Plot of the function g(t) = ¢7*'!'; (b) the Fourier transform of the function
g(8).

the method of residues, this evaluation will be carried through in some

detail. It is convenient for this purpose to change the variable of

integration from w to jw or, more

precisely, to introduce the complex

p-plane variable
P =a+ jo, (83)
‘of which jw is the imaginary part,
and to replace the integral over real
values of w by an integral over pure
imaginary values of p. The integral
| of Eq. (82) then becomes
¢ 4 ® a/x ,
/__ ) dw pra it
a a 7=
Fia. 2-14.—Paths of integration in the = — dP 3 3 e™, (84)
complex p-plane. (a) Path of integration 7] J—j= a —p

(—j=, j); (b), (¢) paths of integration
for use of method of residues.

with the path of integration along the
imaginary axis in the p-plane, as
shown in Fig. 2-14. By resolving the integrand into partial fractions,
the integral in Eq. (84) can be brought into the form

- a/x .. _ 1 [" 1 1
/_.d‘“m"‘"ﬁj/_,-,d”(p+a',,—_7)e"'- (83)

1 See E. C. Titchmarsh, The Theory of Functions, Oxford, New York, 1932.
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It remains, therefore, to evaluate expressions of the form

I=—1/jud L om (86)
27!'] —j= pp—a )

We now apply the method of residues. If ¢ < 0, the integrand
approaches zero as |p| — = in the right half of the p-plane; in fact, it
can be shown that the line integral along the semicircle Cr of radius R in
the right half plane approaches zero as R becomes infinite. Let us then
consider the line integral of this integrand around the closed contour (b)
of Fig. 2:14. This consists of two parts: the integral along the imaginary
axis from —jR to +jk and the integral around the semicircle Cr:

IR) =, Gap L= /+m+/ dp—— ev. (87a)
T 2mj (pp—a( T 2y _iR Cr pp—ae'

As R — o« the second integral tends to zero, and the first approaches the
integral I of Eq. (86). Thus

. . 1 1
I= lim I(R) = lim —2—1:j¢dp PR (87b)
the desired line integral can be evaluated as the limit of a contour integral.
Now the integral around the closed contour is equal to 2xj times the sum
of the residues of the integrand at all poles enclosed by the contour, taken
with a minus sign because the integration is in the clockwise sense. As
R — =, the contour (b) of Fig. 2-14 will come to enclose all poles in the
right half plane. If a has a positive real part the integrand has a pole in
the right half plane, and

[ _1_ 1ol — __ pot 1
I= o 2rjedt = —o¢ [t <0, Re(a) > O] (88a)
If @ has a negative real part, there is no such pole, and
I =0, [t < 0, Re(a) < 0]. (88%)

Since the a of Eq. (85) is a positive real quantity, the first term contributes
nothing to the integral, and

e d a/m jut w= oot — p—alt] t <0 80)
. wa2+wze = gt = 9l t <0). (89)

If ¢ > 0, the integrand of Eq. (86) approaches zero as |p| — = in
the left half plane. By arguments similar to those above, the desired
integral is equal to the integral around the contour (¢) of Fig. 2-14, in
the limit as B — . This is in turn equal to 2xj times the sum of the

1 The symbol Re(a) denotes the real part of a,
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residues in the left half plane, taken with a plus sign because the integra-
tion is in the counter clockwise sense. Thus

I =0, [t > 0, Re(a) > 0], (90a)
I =e [t > 0, Re(a) < 0]. (90b)

In Eq. (85) the second term contributes nothing to the integral, and

+ = /
a/m . - _
/‘7 ,, dw P glet = gt = gmoltl (¢ > 0). 91)
On combining these results, one verifies the truth of Eq. (82).

2:12. Response of a Stable Filter to an Arbitrary Input.—Let us con-
sider the response of a stable linear filter to an input g:(t) with Fourier
transform G;(jw). Then

1 [t= o
gi(t) = o / _ dwGi(w)e, (92)

Since the response of the filter to an input ¢** is the output Y (jw)e™, it
follows from the linear property of the filter that its response to the input
¢g:(2) is the output

4w
golt) = % /_., deo G1(jo) ¥ ()&, (93)

It is evident that the Fourier transform of the filter output is

Go(jw) = Y{jw)Gi(jw). (94)
That is, the Fourier transform of the filter oulput is equal fo the Fourier
transform of the tnput multiplied by the frequency-response function of the
filter.

2-13. Relation between the Weighting Function and the Frequency-
response Function.—The relation between the frequency-response func-
tion of a stable filter and the weighting function has been stated in Sec.
29:

Y (jw) = / dr e oW (7). (61)
0_
Since W(r) vanishes for 1 < 0, we may write

+ =
Y(ju) = / dr e W (r). (95)
The frequency-response function of a stable filter is the Fourier transform
of the weighting function. It is important to note that this theorem is
restricted to stable filters. For unstable filters the integral in Eq. (95)
will, in general, not exist. The inverse of this relation is, of course,

+ o
W) = 2% e V(e (96)
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The significance of this relation and the importance of the restriction
to stable filters may be illustrated by a consideration of lumped-constant
filters, for which the frequency-response function is

br(j)™ + bma(jo)™ 1+ + -« + bo

¥ (o) = e ey (mEm. (@)
For simplicity, let us assume that the complex constants
P = o + Juy, (14)
which are the roots of the equation
P(p) = aup™ + anap™t + - - - + a,, (13%)
are all distinet. Then Y (jw) can be expressed as a sum of partial fractions,
Y(jo) = Co +jw€‘px 5 C_zpz to g E"p”, 7

where the constants C; depend on the b’s as well as on the a’s. The
constant €'y will vanish unless m = n.

First, let us assume that all the p’s have negative real parts—all
normal modes of the filter are damped. Let us further assume that
m < n. Then the filter is stable, and we should be able to compute
W(t) as

+ o=
L 40)] =%/_ dw ".wcllpl—‘— R +jw?_np)eiw" (98)

To evaluate this integral it is again convenient to introduce the complex
variable
p=a+jo (99)

of which jw is the imaginary part. The integral of Eq. (98) then becomes

1 +i= Cl C )
W‘ = a5 / d ( ot ud Pt 100
® el pp—p1+ +p~p,.e’ (100)
with the path of integration along the imaginary axis in the p-plane,
as shown in (a) of Fig. 2-14. This integral can then be evaluated by the
method of residues.

Following the procedure outlined in Sec. 2-11, if ¢ < 0 we integrate
around the contour (b) in Fig. 2-14. Since for the stable filter none of
the poles of the integrand lie in the right half plane, it follows that

W) =0, 1 <0 (101a)

If { > 0, we integrate around the contour (¢) in Fig. 2-14. Each term
Ci/(p — p:) contributes to the integral in this case, and we obtain

W(i@t) = Crert + Coe?* + - - - + Che*, t>0. (101%)
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Thus we have found that the weighting function is a sum of normal
modes; in addition, we have a means of determining the constants C. by
resolution of the frequency response Y (jw) into partial fractions.

These results for a stable filter are in accord with our earlier ideas
about the weighting function. Now let us consider an unstable filter.
We shall see that for such a filter the frequency response is not the Fourier
transform of the weighting function; the assumption that it is will lead
us to false results. We assume, then, that some of the p’s have positive
real part and that these p’s appear in the resolution of Y (jw) into partial
fractions. Let us attempt to compute W(¢) by means of Egs. (98) and
(100). Fort < 0 we no longer obtain W{{) = 0 but

W@ = — Z Cee™,  (t <0), _(102a)
(ai '> 0)

a sum including a term for each p; with positive real part. On the other
hand, when ¢ > 0, the contour of integration surrounds only poles with
negative real part, and we obtain

W) = 2 Ceem,  (t > 0). (102b)
(ai i< 0)

Both these results are erroneous: the weighting function must be zero
for t < 0 and must include a normal mode with positive real part when
t> 0.

2-14. Limitations of the Fourier Transform Analysis.—The Fourier
transform techniques considered above are useful in the discussion of
filters, but their applicability is limited by the fact that the Fourier
transform is not defined for many quantities with which one may need
to deal. We have just seen that the weighting function of an unstable
filter does not have a Fourier transform. The same is true of many
important types of filter input: the unit-step function, the pure sinusoid,
the “‘constant-velocity function” [z({) = vf], the increasing exponential;
for none of these functions does the integral of the absolute magnitude
converge.

In some cases it is possible to extend the discussion by the introduction
of convergence factors, which modify the functions sufficiently to cause
the Fourier transform to exist but not so much as to hinder the inter-
pretation of the results. This device is sometimes useful but may involve
mathematical difficulties in the use of double-limiting processes.

A more generally satisfactory procedure is to make use of the Laplace
transform. This is defined for functions that differ from zero only when
¢ > 0 (that is, after some definite instant); it is defined for all prav.ical
filter inputs, for the normal responses to these inputs, and for the weight-
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ing functions of stable and unstable filters. The treatment of filters by
Laplace transform methods is closely parallel to the discussion in terms of
Fourier transforms, but its relative freedom from restrictions makes it
decidedly the more powerful method.

THE LAPLACE TRANSFORM

The following discussion of the Laplace transform and its applica-
tions is necessarily limited in scope and detail. No attempt has been
made to state theorems in their maximum generality. For a more
extended treatment the reader must be referred elsewhere.!

2:16. Definition of the Laplace Transform.—Let g(f) be a function

defined for ¢ = 0, and let
lg®] = Ket (103)

for some positive constant a. Then the integral

F(p) = f " gy (104)

is absolutely convergent for all complex values of p such that the real
part of p is greater than a. Considered as a function of the complex
variable p, F(p) is termed the Laplace transform of g(¢); it may be denoted
also by

£lg()] = / " dtgem, (105)

the argument p being understood. If a is the greatest lower bound
of real constants for which g(¢) satisfies an inequality of the form of Eq.
(103), the Laplace transform of g(f) converges absolutely in the half plane
to the right of p = @; a is called the abscissa of absolute convergence. The
region of definition of £[g(f)] can usually be extended by analytic con-
tinuation to include the entire p-plane, except for the points at which F(p)
is singular. In what follows, this extension of the domain of definition
will be assumed.

The Laplace transformation can be defined for certain types of func-
tions that do not satisfy Eq. (103). In what follows we shall consider
only functions that contain a finite number of delta-function singularities,
in addition to a part satisfying Eq. (103). When one of these delta
functions occurs at ¢ = 0, we shall define the Laplace transform as

cio) = [ " drgen (106)

1G. Doetsch, Theorie und Anwendung der Laplace Transformation, Springer,
Berlin, 1937; H. S. Carslaw and J. C. Jaeger, Operational Methods in Applied Mathe-
matics, Oxford, New York, 1941; D. V. Widder, The Laplace Transform, Princeton
University Press, Princeton, N. J., 1941,

it
N7
J%
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This extension of the definition of the Laplace transform is necessary, in
view of the two-sided character of the delta function, to assure that

tliH}) Llg(t — [t)] = £Llg@)]. (107)

For pure imaginary values of p, p = jw, the Laplace transform of a
function g(¢) that is identically zero for { < 0 becomes its Fourier trans-
form—if this exists. Thus the Laplace transform is, in a sense, a gen-
eralization of the Fourier transform [Eq. (76b)] applicable when ¢(t)
vanishes for ¢ < 0.

The inverse of the Laplace transformation [Eq. (104)] is

1 btj=
g() = 2n) -/;‘jm dp F(p)e™, (108)
where the path of integration in the complex plane runs from b — j=
tob + jo, to the right of the abscissa of absolute convergence.

Examples—It will be worth while to give a number of examples of
the Laplace transform for future reference. They can be verified by
direct integration.

Exampre 1.—The unit-step funection u(f):

w(t) = 0, t <0, .
’ll(t) _ ], t = 0. } (109([1
Llu(t — )] = / dt u({t — to)e
0 ‘
* (1—7710
= dtert ="tz 0). (1061
fo Yy
In particular, we note that
Llu@)] = L (109¢)
p
ExampLE 2:
0, t <0,
gty = (110a)
sin wt, (t =z 0y;
£(g) = 110b
9= o (110b)
ExampLE 3:
0, ¢t <0),
g@t) = (111a)
i, (t = 0);
n! .

p
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In particular, we note that for the “unit-ramp function,”

0, t <0,
gl@) = (112a)
t, (t 2 0);
£lg) = %5- (1125)
ExXAMPLE 4:
0, it <0,
glt) = {1134a)
tree, @t =z 0);
n!
£(g) = 7= o (1138)

ExampLE 5.—The unit-impulse function 8(¢ — #o):

£lalt — L)} = ﬁj dt 8(t — loye ™ = e, (4, 2 0). (114)

In particular,
L)) = 1. (115)
2-16. Properties of the Laplace Transform.—We here note some
properties of the Laplace transform that are useful in determining the
transform of a funetion or the inverse of a given transform. All functions
considered will be of the restricted class defined in Sec. 2-15.
Linearity.—If g,(t) and ¢:(f) have the transforms £(g;) and £(g.), then

L(c1gr + cg2) = gy + 023(92), (116)

where ¢; and ¢; are arbitrary constants.
Laplace Transform of a Derivative:

sz((‘j—f) = p2(g). (117)

The proof is simple:

£ (gg) = ﬁ_ dt Z—f e?t = g(t)e f“_ +p /(“v dt g(t)er

=g(0~) + pe(g), (118)
from which Eq. (117) follows, since for all functions under discussion
¢(0—) vanishes.

Thus we see that multiplication of the Laplace transform of a function
by p corresponds to taking the derivative of the function with respect to ¢.
An example of this relation is provided by the unit-step function »(¢) and
its derivative, the unit-impulse funetion 8(f). By Eq. (117) we must

have
£{8(8)] = pelu(d)]; (119
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by the results of the preceding section this is
1

Laplace Transform of an Integral:
el [ a o0 | = L eton (121)
0— p

This is essentially the same as Eq. (117), with g(¢) here playing the role
of dg/dt in that equation.

Division of a Laplace transform by p thus corresponds to integration
of the function with respect to ¢, with appropriate choice of the lower

limit of the integral. Since n-fold application of the operator j; t_ dt to
the unit-step function gives

L 1S tn
( ﬁ dt) wl) == ¢ >0), (122)

()~

the result of Example 3 of the preceding section then follows from the
linearity of the Laplace transform.

Laplace Transform of e g(¢).—If g({) has the Laplace transform
F(p), then

it follows that

Lle™g(®)] = F(p + a). (124)
For example, £[t"e**u(t)] is obtained by replacing p by p — a¢ in

Llru@)] = pnTll

This is the result stated in Eq. (113b).

Laplace Transform of the Convolution of Two Functions.—Let g.(f)
and g(¢) be two functions of ¢ that vanish for { < 0. The convolution of
these two functions is

h(t) = -/(-)_ dr gl(T)g2(t - T) = '/;_ dr gl(t —_ T)gz(T). (125)
If g.\(2), g2(2), and h(¢) all possess Laplace transforms, then

£(h) = L(guL(ge)- (126)
For

£h) = /Oj dt et /;_ dr g1(r)g=(t — 1)

= / dr gi(r)e " / dt go(t — m)eP¢, (127)
0— 0-

w©
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Changing the variable of integration in the second integral to s =t — 7,
and remembering that g:(s) = 0if s < 0, we have

£h) = /: dr g:(r)e?r Ai ds ga(s)e P, (128)

which is a restatement of Eq. (126).

The multiplication of two Laplace transforms thus corresponds to
formation of the convolution of their inverse functions. This is often a
convenient way to determine the inverse of a given Laplace transform
when it can be factored into two Laplace transforms with recognizable
inverses.

Limating Values of the Laplace Transform.—Let F(p) be the Laplace
transform of g(f). When the indicated limits exist, then the following
theorems are valid.

lim pF(p) = lim g¢(¢). (129)
p—0 t— w
If ¢(f) contains no delta-function term at ¢ = 0,
lim pF(p) = g(0+). (130)
p—' Q

If g(t) contains a term K §(¢), then

lim F(p) = K, (131)
and P
lim p[F(p) — K] = g(0+). (132)
p—»w

The proof of these relations can be carried out along the following lines
when ¢(¢) contains no delta functions. We note that

PF(p) = ﬁ _dtg(pe = — ﬁ Cdg S . (33)

Integrating by parts, we have

—g(t)e"”‘l:_ + /: dtgt—g et

Y P -
—/_dtdtep,

where dg/df may contain delta functions corresponding to discontinuities
in g, including a term g(0+) 8(f) corresponding to a discontinuity at
t = 0. Inthelimit asp — «, only this last delta function will contribute
to the integral on the left; one has

. o+ dg
lim pF(p) = / a5l = g(0+). (135)
0-—

p— >

PF(p)
(134)
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Similarly, replacing ¢=”* in the integrand by its limit as p — 0, one obtains
. = dg
lim pF(p) = dt =2 = g(), (136)
p—0 o— dl
2:17. Use of the Laplace Transform in Solution of Linear Differential

Equations.—The Laplace transform theory offers a convenient method
for the solution of linear differential equations, such as the filter equation

d~E dE
an—dt-()"'_an—lWTIO + - 4 ako
d"E a"'E
= bn g T bu gy + 0 b ()

The formulation of this method is particularly simple when the initial
conditions on the solution E, correspond to starting of the system from
rest under an input E; that begins at a definite time, say ¢ = 0; that is,
when it is required to find the normal response of the system to such an
input. Under such conditions, both sides of Eq. (2) represent functions
that begin to differ from zero only at ¢ = 0. Equating the Laplace
transforms of the two sides of this equation and making use of the proper-
ties of the transforms as discussed in the preceding section, we have

(@ap™ + Guorp™™' + - - ¢+ a0)L[Eo(t)]
= (bnp™ + bnop™ '+ - - -+ b)L[E:()].  (137)
Writing
o bup” F bpp™ s+ b
Y(p) B a.p* + an—lpn_l + -+ a[), (138)
as in Eq. (67), we have
L[Eo(®)] = Y(p)LlE:(8)]. (139)

Thus it is easy to obtain the Laplace transform of the filter output by
multiplying the Laplace transform of the input by a rational function in p
with coefficients read from the differential equation. The output itself
can then be determined by application of the inverse Laplace transforma-
tion [Eq. (108)] or by resolving the Laplace transform of the output into
parts with recognizable inverses.

As an example, let us determine the weighting function of the RC-filter
of Fig. 2:6. This can be obtained by solving Eq. (30) with E:(f) = 8().
We have then, by Eq. (115),

LIE()] = L. (140)
In this case Eq. (139) becomes

Tlp

SBo0)] = 7P

LLE(8)]. (141)
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Thus, for the delta-function input, the Laplace transform of the output is

Tvp  _,_ L 1 |
T1p+l—1 T1p+_1 (142)
1

LW )] =

The inverse of 1 is, of course, 6(f); the inverse of the second term follows
from Eqgs. (113), with n = 1. We thus find

W) =0, < 0),}

{
W) = 8(t) — —% e T, =0, (143)
1
in agreement with Eq. (35).
As a second example, we may derive the weighting functions given in
Egs. (48) to (50). These are solutions of Eq. (46), which can be rewritten,
by use of Eqgs. (47), as

d*0 a0 0
adt—"'o + 2{wn 'd_to + wifo = wifs. (144)
Thus
w?
£(80) = - 5 & (1), (145)

p? + 2fw.p + ol

For a delta-function input, £(8o) becomes

LWl = mﬁm = Y(p). (146)

The denominator factors into
{p + wlt + 2 = D2} {p + wild — 7 — D5
resolving the term on the right into partial fractions, we obtain

wn 1

2% — 1) [P + waf — wa(§? — 1)

LWl =

. .
TP+ @l + wa(fT — 1)”]' (147)

Double application of Egs. (113) then gives
w(t) =0, (t <0),
(..,.;c+u..(r1—1)9fs_e-a..rt—u,.(rﬂ-—mﬁt], (t=0). (148)

WO = g Sl

This general result takes the forms of Eqgs. (48) to (50) for¢ < 1,¢— 1,
and [ > 1, respectively.
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THE TRANSFER FUNCTION
2.18. Definition of the Transfer Function.—The {ransfer function of a
filter is defined to be the Laplace transform of its weighting function.
In this volume, transfer functions will usually be denoted by Y (p), with
distinguishing subscripts as required. We have, then,

Y(p) = e[W ()] = / T it W(ter, (149)

[}
The normal response of a linear filter (stable or unstable) to an input
E\(f) that is zero for £ < 0 can be written as

Bolt) = f T dr Bt — W) (57)
0—

1t will be noted that this is the convolution of the input and the weighting
function, as defined in Eq. (125). It follows, by Eq. (126), that when the
Laplace transforms exist,

L[E(1)] = Y(p)L[E:()]: (139)

The transfer function of a filter 7s the ratio of the Laplace transforms of any
normal response and the input that produces ©t. The use of the symbol
Y (p) in Eq. (139) and throughout the whole of the preceding development
is thus consistent with the notation for the transfer function here intro-
duced. 1Instead of defining the transfer function for the lumped-constant
filter directly by Eq. (138), we have chosen to define it as the Laplace
transform of the weighting function, which has been taken to be the more
primitive concept in this chapter.

The transfer function may be regarded as a generalization of the fre-
quency-response function. Unlike the frequency-response function,
it is defined for unstable filters as well as stable filters. It is defined for
general complex values of the argument p, and not just for pure imaginary
values of jw (w is real valued). When the frequency-response function
exists, it can be obtained from the transfer function by replacing the argu-
ment p by jw [compare Eqs. (61) and (149)]; the values of the frequency-
response function are the values of the transfer function along the
imaginary axis in the p-plane.

In the preceding section we have seen how, for a lumped-constant
filter, Eq. (139) can be derived from the differential equation of the filter
and how it can be used, instead of the differential equation, in determin-
ing the normal response of the filter to a given input. In solving many
problems it is possible to deal exclusively with the Laplace transforms of
input and output and with transfer functions, except perhaps in the final
interpretation of the transforms in terms of functions of time. It is
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then useful to abbreviate the notation of Eq. (139) and to write simply
Eo(p) = Y(p)Ei(p), (150)

the indication of the argument p giving sufficient warning that it is a
Laplace transform which is involved.

Filters consisting of many parts-can be described by differential equa-
tions that govern the several parts or by a single differential equation
derived from these by elimination of intermediate variables. In the
same way one can describe the components of a filter by equations of the
form of Eq. (150) and can eliminate variables between these equations,
by purely algebraic manipulation, to obtain a similar equation governing
the over-all characteristics of the filter. This calculus of Laplace trans-
forms provides a formally simpler description of the systems than that in
terms of differential equations and will be much used in this book.

A very simple example is provided by a filter that consists of two filters
in series. The first filter, with transfer function Y(p), receives an input
E; and yields an output Eu; Ex then serves as input to a second filter,
with transfer function Y.(p), which gives the final output Eo. In terms
of Laplace transforms we have

Eu(p) = Yup)E:«(p), (151a)
Eo(p) = Yu(p)Eu(p). (151b)

Eliminating Ex(p), we obtain
Eo(p) = Yi(p)Y:(p)Ei(p). (152)
We seen then, that the over-all transfer function of the complete filter is
Y(p) = Yi(p)Ya(p): (153)

The transfer function of two filters in series ¢s the product of their individual
transfer functions. By Egs. (125) and (126) one can infer that the weight-
ing function of two filters in series is the convolution of their separate

weighting functions:

W) = /Om dr Wi(r)We(t — 7). (154)
This result can also be derived from the relations

Eu(t) = -/;l— dr E;(¢ — 1)Wy(7), (155a)

Eo(t) = /: dr Ex(t — 1)Wa(r), (155b)

which correspond to Egs. (151a) and (151b), respectively.
2:19. Transfer Function of a Lumped-constant Filter.—The transfer

function is more generally useful in the discussion of filters than is the
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frequency-response function, in part because it is defined for a wider class
of filters. For an illustration of its use we shall return to the considers-
tion of lumped-constant filters, for which the transfer functions are
rational functions of p, with coefficients that can be read from the govern-
ing differential equation:

bup™ + buoap™ ™t 4 - - + by

P = e b+ o (138)

If m > n, the resolution of Eq. (138) into partial fractions contains
terms of the form Am_np™ " A4pm_nap"", . . ., A;p. The filter output
then contains terms proportional to the first and up to the (m — n — 1)th
derivative of the input. In particular, W(¢) contains these derivatives

of the delta-function input. Then jo j dt |W ()| does not converge, as

can be seen by considering the functions approximating to the delta
function; the filter is unstable. We have already noted that with a
passive lumped-constant filter one cannot have m > n.

If m £ n and the root p; of

Pp) =ap®+anap™ + -+ - +a0=0 (13b)

is s;-fold, the general resolution of Eq. (138) into partial fractions is of
the form

CII CIZ Cl
Y C c. 2t
®) = e N T o= o
Cau Co .. Ci.,
+p*pz+<p~pz)2+ +(p—pz>”
4o (156)

The inverse of this is, by Egs. (111) and (113),
W@ =0, (t <0),

W) = Cod(t)
+[C“+C”t+c“’i 4 e +M gt
(51 — 1)! (157)
C 2 C 31 C2..J(82—1)
+[sz+ 2t+ 2 +"‘+E_—l)!]em‘
+ -, ( _>_ 0)

The delta-function term appears in the weighting function only if m = n;
it represents a term in the general output that is proportional to the input.
The other terms in W(¢) represent the transient response of the filter to
the impulse input, expressed as a sum of normal-mode functions.

It is evident that the weighting function will contain an undamped
normal mode and the filter will be unstable if and only if the resolution of
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Y(p) into partial fractions contains a p; with nonnegative real part. This
is not the same as saying that the filter is stable if and only if Eq. (13b)
has no such roots; it may have such roots and still be stable if the cor-
responding factor (p — p:)* in the denominator in Eq. (138) is canceled
out by a similar factor in the numerator. When this happens, one may
say that the network has an undamped natural mode but that the input
terminals are 8o connected to the filter that no input can excite this type
of response. This may be a very precarious type of stability, since a
small change in the filter constants—in the b’s—may make this cancella-
tion inexact and the filter unstable.

2.20. The Stability Criterion in Terms of the Transfer Function.—It
will be noted that p’s with nonnegative real parts will be absent from Eq.
(156) and the lumped-constant filter will be stable if and only if ¥ (p) has
no poles in the right half of the p-plane or on the imaginary axis. This is
a special case of a more general stability criterion: If the transfer function
Y(p) is analytic in the right half plane and is well behaved on the
imaginary axis—for instance, if the absolute value squared of dY/dp is
integrable—then the filter is stable. If at least one singular point of ¥ (p)
lies in the right half plane, or if at least one pole lies on the imaginary axis,
then the filter is unstable.

It will be noticed that the preceding theorem does not cover all pos-
sible situations; in particular, it does not settle the case where there are
singularities other than poles on the imaginary axis. It is certainly
adequate, however, for most practical problems; for all filters with
lumped elements the transfer function is a rational function analytic
except for poles.

The proof of this general stability criterion will be indicated briefly
If the absolute value squared of dY /dp is integrable along the imaginary
axis, then, by the Parseval theorem,t{W($)|* and (1 + )|W(#)|® are
integrable. 1t follows, by Schwartz’s inequality for integrals, that

© @ 9 \ 1
ﬁ_ at |W()| = [)_ dt (L + AW O g aym

© 2 2 ® 1 .
< \//_dt (1 + )|W©®| \/[)_ dz———l it (158)

/ dt |W(¢t)| is bounded and the filter must be stable. On the other
0—

hand, it is evident that for a stable filter the Laplace transform of the
weighting function is analytic and uniformly bounded in the right half
plane. The transform function can therefore have no singularities inside
the right half plane. Furthermore it could have no pole on the imaginary

1 See, for instance, E. C. Titchmarsh, Iniroduction to the Theory of Fourier Integrals,
Clarendon Press, Oxford, 1937, pp. H0-h1,
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axis and still remain uniformly bounded in the right half plane. This
concludes the proof of the second part of the theorem.

SYSTEMS WITH FEEDBACK

2.21. Characterization of Feedback Systems.—A mechanical or elec-
trical system with feedback is one in which the output of some part of
the system is used as an input to the system

9 R~ %y at a point where this can affect its own

H value. A servo system is a feedback system
in which the actual output is compared with
the input, which is the desired output, and the
driving element is activated by the difference of these quantities.

Figure 2-15 is a block diagram showing the essential connections of a
servo system. The output 8o is fed into a mixer or comparator (in
mechanical systems, a differential) where it is subtracted from the input
8, to produce the error signal

() = 0:(6) — 8o(t). (159)

This signal controls the output through a system of amplifiers, motors,
and other devices, here shown as a box. To complete the formal descrip-
tion of the system it is necessary only to specify the relation established
between € and 6o by the contents of this box. If the system is linear,
this can be specified as a transfer function Y (p); in terms of the Laplace
transforms we can write simply

bo(p) = Y(p)e(p). (160)

The transfer function Y (p) will be called the feedback transfer function.
It is the transfer function around the entire feedback loop, from the
output of the differential (¢) back to the input to the differential (8o).

The over-all performance of the servo can be described by another
transfer function Y,(p), which relates the input and output of the system:

8o(p) = Yo(p):(p). (161)

This may be called the over-all transfer function, or the transfer function of
the system. This transfer function must be carefully distinguished from
the feedback transfer function, to which it is simply related. Equation
(159) implies that

Fia. 2-15—S8ervo schematic.

e(p) = 6:(p) — 8o(p); (162)
elimination of e(p) from Egs. (160) and (162) yields the very important
relation

. 402
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Since Eqgs. (159) and (161) are defining equations for ¢ and ¥,, Eq.
(163) is valid for any feedback system for which Eq. (160) is valid. In
certain types of systems Eq. (160) will not be valid if ¥ (p) 1s interpreted
as the transfer function around the entire loop. This occurs when the
servo output is not combined directly with the input but is further filtered
in the feedback loop; the driving elements of the system are then activated
by the difference between the input and this function of the output. For
example, a modification of the servo system of Fig. 2:15 is shown in Fig.

Fia. 2:16.—S8ervo with added filter in feedback loop.

2-16. A filter has been inserted in the feedback loop to provide an input
to the differential that is not 8o(p) but Yo(p)8s(p). Insuch a system

Yi(p)[6:(p) — Ya(p)8o(p)] = Bo(p). (164)

The over-all transfer function is thus

_ oo(P) — Y‘(p) .
Yo(p) = 6.(p) 1+ Yi(p)Y:(p) 1oy

On the other hand, the transfer function around the loop is
Yilp = Yi(p)Yu(p); (166)

Yo(p) and Y:(p) are not related by Yq. (163). It will be noted that Eq.
(165) expresses the transfer function of the system as a fraction in which
the denominator is 1 plus the transfer function around the loop. This
can always be done.

Such servo systems as that shown in Fig. 2-16 are not, in general,
satisfactory. If the system is to have a zero static error, it is clear that
the feedback filter must always give the same asymptotic response to a
step function; that is, limOpYz(p)(l/p) = Y2(0) =1 [see Eq. (129)].

p——)

Bince changes in the parameters of the filter may change the value of
Y4(0), it is not customary to filter the output before comparing it with
the input; on the other hand, such a filtering action may be inadvertently
introduced by elasticity in the gear trains and by other factors.

A servo system may contain more than one feedback loop. Figure
2-17, for instance, show a feedback system with two loops. The
inner loop serves to modify the characteristics of the driving elements;
the whole of the contents of the dashed box of Fig. 2-17 corresponds to
the box of Fig. 2-15. In this system we have

= ¢ — Y(p)bo(p), (167a)
8o(p) = Yi(p)n. (167b)
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Eliminating u from these equations, we obtain

) = Ty 7 «® = Y@, (168)

Thus

= Yi(p)
YO = T v e (199

The transfer function of the system is given by Eq. (163) or, more
explicitly, by

— Yi(p)
N0 = TG + e ve) 170)

Since a servomechanism is a lumped-constant filter with transfer
function Yo(p), its stability can be discussed by application of the general
theory of filter stability: A servomechanism will be stable if and only if
Yo(p) has no poles in the right half of the p-plane or on the imaginary
axis. From Eq. (163) it is evident that Y(p) will have a pole only where
1 + Y(p) has a zero. [A pole of Y(p) is merely a point where Y,(p)
equals 1.] Thus a servomechanism will be stable if and only if 1 + Y (p)

has no zeros in the right half of the
> D-plane or on the imaginary axis.

Such a statement will be univer-

sally valid only if Y (p) is defined

by Eq. (160). One can replace

F1a. 2:17.—8ervo with two feedback loops. Y(p) in this statement by the loop

transfer function Yi(p) only if

Yo(p) and Yi(p) are related by Eq. (163); in other cases one must reex-

amine the relation between these quantities. Such cases will not be con-
sidered further in this chapter.

The feedback transfer function is of basic importance in the theory of
servomechanisms—for the discussion of stability, for the evaluation of
errors in servo performance, and in general throughout the design pro-
cedure. We shall therefore turn to a discussion of its properties.

2:22. Feedback Transfer Function of Lumped-constant Servos.—The
feedback transfer function of a lumped-constant servo can be written as

K, Qn(p)

(p) p, Pﬂ (p) = Y ( )
where s is an integer, K, is a constant, and @.(p) and P.(p) are poly-
nomials of degree m and n respectively, the coefficients of the zero power
of p being taken as unity. The constant K, in this expression will be
called the gain; in general it is defined as

K, = lim p'Y(p), (172)
p—0
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the exponent s being so chosen as to make the limit finite and different
from zero.

The value of s has an important bearing on the properties of the sys-
tem. Eliminating 6o between Eqs. (161) and (162), one can express the
error in terms of the input,

«(p) = Tlnm 6:(p). (173)

Given the form of 6,(p) and the limiting form of Y (p) as p — 0 (that is,
K./p*) one can determine, by application of Eq. (129), the limiting value
approached by the servo error as { — «. For example, let us consider a
step-function input with the Laplace transform [Eq. (109¢)]

1

0:(p) = > (174)

The limiting value of the error as ¢ becomes infinite is

. 1 1
e(o)y=1lmp__ - =
. 1 . 1
= lim = lim . (175)
p——»() 1 + Ka&n p—yO 1 + Kl
pa P" pa

The continued action of the servo will eventually reduce the error to
zeroonlyif s = 1. If s = 0, then the limiting value of the error is

1

e(o) = T¥ K, (176)

Now let us assume that s = 1, so that the static error of the system is
zero, and find the steady-state error arising when the input changes at a
uniform rate. We consider then the constant velocity input with Laplace
transform 6, = 1/p? [Eq. (111b)]. The error with which this input is
followed will approach

(o) =1lmp__1 1
0 ' TFYG) 7

== a77)

-

Thus, if the feedback transfer function has a simple pole at the origin
(s = 1), the system will follow a unit constant-velocity input with an
error (lag) that is the reciprocal of the gain. This gain K, is called the
veloctty-error constani,
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If the system is to have zero error for a constant-velocity input, the
condition to be satisfied is s = 2; that is, the feedback transfer function
must have a second-order pole at the origin. If s = 2, the system will
show an error for a constant acceleration input (6: = 2/p?%);

E(w) = lim ——2—Q—‘
p—0 Pt + Ksz

2
=K (178)

The quantity (K2/2) is then called the acceleration-error constant.

2-23. The Feedback Transfer Locus.—The feedback transfer function
furnishes one with a complete description of the servomechanism. It
is a complex-valued analytic function of the complex variable p; as
such it is completely determined by its values along a curve. The
imaginary axis has special significance in this connection because Y (jw)er
is the steady-state response of the feedback loop to the pure sinusoidal
input e; Y (jw) can therefore be measured directly by experiment. The
plot of Y (jw) in the complex Y-plane for all real values of w is called the
feedback transfer locus; it is also referred to as the Nyquist diagram of the
transfer function. As we shall see, this locus furnishes us with a very
convenient way of determining the stability and the performance charac-
teristics of the servomechanism.

Since the networks and devices with which we are concerned can be
represented by differential equations with real coefficients, we have

Y*(jow) = Y(—jw). (179)

It follows that the real part of Y (jw) is an even function and the imaginary
part an odd function of w. Conse-

-pl ~ a .
Z,p ane ' ¥-plane , Y-plane quently the transfer locus is sym-
\’ ' ==, metric about the real axis in the
w=0+Y o= Y-plane; in plotting this locus it is

(a) (b) () necessary to draw only the graph
Fic. 2-18.—The approach of Y(jw) to ior positive values of w—the re-
infinity for a first-order pole (b) and a mainder of the locus is then ob-
second-order pole (¢) as w — 0+ (a). . . . .
tained by reflection in the real axis.
The properties of the feedback transfer function discussed in Sec.
2-22 are readily recognized in the transfer locus. If the static error for
the system is zero, then the feedback transfer function must have a pole
at p = 0. If the pole is of the first order, then, as shown in (b) of Fig.
2-18, Y(jw) becomes infinite along the negative imaginary axis as w — 0+
(the + indicates that w approaches the origin from positive values as in
Fig. 2-18a). For a second-order pole at the origin (a zero steady-state
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error for a constant-velocity input), Y (jw) becomes infinite along the
negative real axis as shown in Fig. 2:18¢c. In general, if the feedback
transfer function has a pole of order s at the origin, Y (jw) approaches
infinity along the direction that makes an angle of (—x/2)s with the
positive real axis.

The limiting form of the transfer locus as w — « can also be easily
obtained. Let b, and a, respectively be the coefficients of p™ in Q..(p)
and p" in P,(p) [Eq. (171)]; then as w — + =,

K, b,
Y(p) — P g (180)

In general, s + n — m > 0; and Y (jw) approaches zero from a direction
that makes an angle of (—x/2) (s 4 n — m) with the positive real axis.
For example, if @,./P, is a constant divided by a polynomial of first
degree in p, Y (jw) approaches zero along the negative real axis for s = 1
and along the positive imaginary axis for s = 2.

2.24. Relation between the Form of the Transfer Locus and the
Positions of the Zeros and Poles.—In the preceding section the feedback
transfer locus was defined as a mapping in the Y-plane of the imaginary
axis in the p-plane. It is now necessary to define this locus more care-
fully. Usually the feedback transfer function will have a pole at the
origin, and it may have other poles along the imaginary axis. As p
passes through these poles, there are discontinuities in the transfer locus;
this locus then falls into segments corresponding to the part of the
imaginary axis between + o and the first such pole reached with decreas-
ing jw, the part between the first and second poles, and so on. In order
to define the connection between these segments we shall now modify the
previous definition of the transfer locus.

Let us consider a path in the p-plane that A p-plane
lies along the imaginary axis, except that it

shall include a small semicircular detour in D
the right half plane about the singular points
on the imaginary axis, and a large semicircu- b C

lar path in the right half plane, from very

large negative imaginary values to very large

positive imaginary values (see Fig. 2-19).

For sufficiently small detours about the poles B
on the imaginary axis and for a sufficiently = Fic. 2:19.—Closed path in the
large semicircular connecting path, this p-plane.

closed path will enclose all of the poles and zeros of any rational function
Y(p) inside the right half plane. We shall call the closed curve that
results from mapping any such contour onto the Y-plane the transfer locus
of Y(p).

~7
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The so-defined transfer locus can be determined experimentally. It
is evident that the locus for nonsingular frequencies can be obtained as
the steady-state response to sinusoidal inputs at these frequencies. The
mapping of the semicircles in the p-plane onto the Y-plane can be deter-
mined as follows. Near the singular frequencies the system will, in
general, overload. One can, however, determine from such tests the
order of the pole, which as we shall see is sufficient to define the transfer
locus about the detours. The same is true for the large semicircle (about
the point at infinity).

If the pole at p,; is of order s, then in traversing the semicircle from
1 + je to p1 — je (for sufficiently small but positive p), the curve traced
in the Y-plane by Y(p) will be essentially an arc of a circle traversed in
the counterclockwise direction through an angle of about sx. This
follows immediately from the fact that in the neighborhood of p: the
transfer function is approximately of the form

A

= (181a)

Y(p) =

or
Y(p1 + pe’*) = Apseiss, (1818)
where A is a complex-valued constant.

Similarly, for very large values of {p| (the outer semicircle in the
p-plane) we have
— (s+n—m) ¢
Y(p) =~ Kbn 1 _ Kb eOtms (180)

E)
an ) ps+r::1;|. an Retm—n

As the large semicircle is traversed by the point p = Re™, from ¢ = —7x/2
to ¢ = +w/2, Y(p) traverses a circular arc of small radius (approaching
zero with 1/R*+"*) through an angle — (s + n — m)r.

‘We have now seen how the feedback transfer function maps the closed
curve of Fig. 2-19 into a closed curve I in the Y-plane. The right half
of the p-plane is thus mapped by Y(p) into the interior of I'' Conse-
quently if Y(p) is equal to —1, for instance, for some point in the right
half plane, then the contour I' will encircle the point {—1,0) in the
Y-plane. Since the servomechanism will be stable if and only if Y(p)
does not equal —1 for any point in the right half of the p-plane, or on
the imaginary axis, it is clear that the transfer locus furnishes us with
another means of determining the stability of the servo. How this can
be done will be discussed in the following sections.

2:26. A Mapping Theorem.—We shall now prove a theorem of
analysis that is useful in the discussion of the stability of servomechanisms.

Let G(p) be a rational function of p. If the point p in the p-plane
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describes a closed contour C in the positive! sense, the point G(p) in the
G-plane describes a closed contour T' (Fig. 2-20). If the contour C encircles
in a positive sense Z zeros and P poles (this takes into account the multi-
plicity of zeros and poles), the corresponding contour T in the G-plane encircles
the origin

N=Z—-P (182)
limes tn a posilive sense.

We here assume that none of the zeros or poles lies on the contour in
the p-plane; a slight modification of the contour will always allow it to
satisfy this condition, since the zeros
and poles of G(p) areisolated. The G-plane
term ‘“‘encircle” is defined as follows: [-/Tj }
Consider a radial line drawn from
the point p; to a representative point \_‘/I‘

P on the closed contour C. As the

point P describes the contour C in Fie. 2-20.—Mapping of a closed
some sense, the radial line sweeps out contour in the p-plane onto the G-plane.
an angle that will be some multiple of 2r. Tf this angle is 2rn, then the
contour encircles the point p,, n times. The sign of n will depend upon
the sense in which P describes C.

We shall prove the theorem in stages. Suppose first that the function
has a single root at p = p;:

p-plane

I3

G(p) = A(p — pv), (183)
where A is a constant. In polar form this becomes
G(p) = Apeis. (184)

It is clear that as the point p describes a contour C in the positive sense,
the corresponding point in the G-plane describes a contour I' in a positive
sense. The number of times that T encircles the origin is precisely the
total change in ¢/2r which occurs when p traces C once. Thus T
encircles the origin once if C contains p; in its interior but otherwise does
not encircle the origin.

If the function has two distinct roots p, and p,, then

G(p) = A(p — p1)(p — p). (185)
When written in polar form, this is
G(p) = Aplngi(m-hbz)’ (186)

where p — p1 = p1ei® and p — ps = peei®:.  If the contour C encircles
no roots, the total change in (¢, + ¢.) is zero and T' does not encircle the
origin. If the contour C encircles one or both the roots, the total change

! The interior of the contour is always on the left as the point describes the contour.
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in (¢1 + @2) is 2r or 47 and T encircles the origin in a positive sense once
or twice, respectively.

If the two roots are equal, any contour enclosing one will, of course,
enclose the other, and the corresponding contour in the G-plane will
encircle the origin twice. In general, if the contour C encircles a root
of mth order, or m distinct zeros, the contour I' encircles the origin m
times in a positive sense.

Now let us consider a function with a pole of first orderat p = p;,,

_ A 4
Gp) = 2 = e (187)
If the eontour C encircles the pole p = p; in a positive sense, the contour T
in the G-plane encircles the origin once in a negative sense. This can be
generalized in exactly the same fashion as was done above with respect
to the zeros; if the contour C encircles n poles in a positive sense, then the
contour I' in the G-plane encircles the origin n times in a negative sense.

We can combine these types of function to form one that has both
zeros and poles. Suppose G(p) is a rational fraction

6w =38 msn, (188)

where Qm(p) and P.(p) are polynomials of degree m and n respectively.
This can be written in factored form as

Gp) = AP = PP = p2) - - - (P~ Pm) 189

®) @ —Pip—Py) - (p— P (189)

where some of the roots pi, p2, . . . , pm and some of the poles P;,
P, . . . ,P,mayberepeated. As p describesin a positive sense a closed

contour that encircles Z zeros and P poles, the phase angle of ¢ changes
by +2r for each of the enclosed zeros and by — 2 for each of the enclosed
poles. The total number of times that the corresponding contour in the
G-plane encircles the origin is exactly Z — P. This establishes the valid-
ity of the mapping theorem.

2.26. The Nyquist Criterion.—Now let us apply the theorem of the
preceding section to the function

G(p) = 1+ Y(p) (190)

and to the closed contour in the p-plane illustrated in Fig. 2:19. The
map of a contour in the p-plane onto the Y-plane can be obtained by
shifting the corresponding map on the G-plane to the left by one unit.
It follows that the contour € in the p-plane, described in a positive sense,
will map into a contour T in the Y-plane that encircles the point (—1,0)
in a positive sense N = Z — P times. The transfer locus—a curve of
this type for which C encloses all zeros and poles of 1 4+ Y{(p) that lie
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inside the right half of the p-plane—will thus encircle the point (—1,0)
a number of times that is the difference between the total number of
zeros and the total number of poles of 1 4+ Y{(p) inside the right half of
the p-plane. This result, together with the fact that the system will be
stable only if the number of zeros is zero, can be used in the discussion of
the stability of servomechanisms.

There is a well-known theorem due to Nyquist! that applies to feed-
back systems in which the feedback transfer function is that of a passive
network. The feedback transfer function of even a single-loop servo is
not usually of this form; the very presence of a motor introduces a pole
at the origin. It remains true, however, that single-loop servos of a
large and important class have feedback transfer functions with no poles
inside the right half of the p-plane. To these single-loop serves the
following theorem applies: The servo will be stable if and only if the locus
of the feedback transfer function does not pass through or encircle the point
(—1,0) #n the Y-plane.

This can be proved as follows. First of all, let us assume that the
over-all transfer function

Y(p)

Yo(p) = T3 Y(p) (163)

has a pole on the imaginary axis. Then 1 4+ Y(p) has a zero for some
point p on the imaginary axis, and Y(p) = —1; the feedback transfer
locus passes through the point (—1,0). We know that in this case the
servo is unstable (Sec. 2:20), in agreement with the statement of the
Nyquist criterion.

Now let us assume that there is no pole of Yo(p) on the imaginary axis.
Then the servo will be stable if and only if 1 + Y (p) has no zeros in the
right half of the p-plane. Now single-loop servo systems of the class that
we are considering have no poles of Y (p) in the right half of the p-plane;
that 1s, P = 0. The contour C does not pass through any poles or zeros
‘of 1 + Y (p), since the poles are bypassed by detours and we are now con-
sidering only the case where there are no poles of Yo(p) [i.e. no zeros of
1 4 Y(p)] on the imaginary axis. It follows that the feedback transfer
locus will encircle the point (—1,0) a number of times that is exactly
equal to the number of zeros of 1 4+ Y(p) in the right half plane. The
servo will thus be stable if and only if the number of encirclements is
zero. This concludes the proof of the criterion.

Ezamples.—As an application of the Nyquist criterion we shall now
consider the type of servo described by Eq. (46). The feedback transfer
function for this system is

K
YP) = o, 191
P(Top ¥ 1) (19D
1 H. Nyquist, “Regeneration Theory,” Bell System Tech. Jour., 11, 126 (1932).
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where K is the gain and 7, the motor time constant. A rough sketch of
the locus of the feedback transfer function is shown in Fig. 2-21. The
full line shows the portion of the locus obtained for positive values of w;
the dotted line that obtained for negative values of w. The semicircle
about the origin corresponds to the indenta-

,’ :;0\_\\ tion made to exclude the origin. The arrows

/ AN indicate the direction in which the locus is

// Y-plane ‘\ traced as w goes from + o to —e. Actually
Lok \l\ what is drawn is the locus of Y (p) /K ; the critical
T os point is then (—1/K,0) instead of (—1,0).
—x=<0 (The reason for drawing the locus in this way is
that it is much easier to change the position of

the critical point than to redraw the locus for

w=0% different values of the gain.) According to the

Fra. 2:21—Locus of the Nyquist criterion this servo system is stable,
f)‘i‘(’f’;’“ﬁkK/t[r;z‘;f:; 4{_“;‘)"]%“’“ since th.e feedback'transfer funetion locus does
' not encircle the point [ —(1/K), 0.
Theoretically, the system will be stable however large the gain. This
is not actually the case, because the feedback transfer function in Eq.
(191) only approximates that of the physical servomechanism. A closer
approximation includes the time con- o
stant T, of the amplifier; then / w\?

~
Y- plane ~
Yip) _ L (192) ,// \‘\\
K p(Twp + D(Tp + 1)

The locus of this feedback transfer /\ \
function is shown in Fig. 2-22. For w=+oo |
small values of the gain K, the critical ?'0)

point [— (1/K), 0] is not enclosed by \—/
the locus and the system is stable; for \
large values of the gain, the point
[~ (1/K), 0] is encircled twice by the
locus, and the system is unstable. Tt
is easy to obtain the limiting value
of K for which the system becomes un-
stable. The value of « for which the
locus crosses the negative real axis is easily found to be wo = 1/4/TnT,.
Since T, is much larger than 7', the magnitude of ¥ at this point is

|Y{o =~ KT.. (193)
For stability, then, X7, must be less than unity; that is,

w=0+

F1g. 2:22.—Locus of the feedback
transfer function

Y(@) /K] = 1/{p(Tmp + D(Tap + 1]

K< (194)




Sec. 2:27] MULTILOOP SERVO SYSTEMS 73

2-27. Multiloop Servo Systems.—In single-loop servo systems the
feedback transfer function has no poles inside the right half of the p-plane.
As a consequence the stability criterion has the simple form given in the
previous section. For multiloop servo systems, however, the feedback
transfer function may contain poles in the interior of the right half plane;
this can occur when one of the inner loops is unstable. When this is the
case, the more general form of the theorem in Sec. 2-24 must be applied.
It remains true that the system is stable if and only if there are no zeros
of 1 4+ Y(p) in the right half plane, but the number of times that the
feedback transfer locus encireles the point (—1,0) is equal to the number
of zeros minus the number of poles. An independent determination of the
number of poles inside the right half of the p-plane must be made, after
which the number of zeros can be obtained by reference to the transfer
locus and use of Eq. (182).

In general, because of the form of the feedback transfer funetion for a
multiloop system, it is not very difficult to determine the number of
these poles. As stated in Sec. 2:21, the feedback transfer function for
multiloop systems will often be of the form

- Yi(p)
Y(p) = 15 YVilp) Valp) (169)

If there are three independent loops in the system, Yi(p) may itself be
of the form
Yi(p) :
Y = 1
@) = TV Vo) (199)
A procedure for determining the stability of the multiloop servo system
will be made clear by considering such a three-loop system. The poles
of Y3(p)Y«(p) can be obtained by inspection, since this, in all likeli-
hood, will be a relatively simple function. The locus of Yi(p)Y(p)
is then sketched to determine the number of times that it encircles the
point (—1,0). From this number N and the number of poles of

Yi(p)Ya(p)

in the right half of the p-plane, the number of zeros of 1 4+ Y3(p)Y4(p) in
this region can be obtained; this is the number of poles of ¥(p) inside
the right half of the p-plane. The number of poles of Y.(p) in the right
half of the p-plane can be determined by inspection; the number of poles
of Yi(p)Y(p) is the sum of these numbers. The locus of Y1(p)V.(p) is
then drawn, and the number of poles of Y (p) in this region is determined
as before. Finally the locus of Y(p) is drawn, and from this locus is
deduced the number of zeros of 1 4+ Y(p) in the right half of the p-plane.
Thus by use of a succession of Nyquist diagrams it can be determined
whether or not the system is stable.



74 MATHEMATICAL BACKGROUND [SEc. 2:27

Examples of Multiloop Systems.—We shall first discuss a two-loop
system of the type sketched in Fig. 2:17. Let us suppose that the inner
loop consists of a tachometer plus a simple RC-filter of the type shown in
Fig. 2:6. The tachometer output is a voltage proportional to the
derivative of the servo output. The transfer function for the combina-

tion is therefore
Tup
op + T

where K, is the factor of proportionality. We shall suppose that the
amplifier-plus-motor has the transfer function

— K2 -
) = oo T (T + 1

The feedback transfer function is

— Yi(p)
Y(p) = I_TYT(W (169)

To determine whether or not Y (p) has any poles in the right half of the
p-plane it is necessary to examine

Yi(p)Yalp) =

Yolp) = Kip m— i T, (196)

(197)

1K2Top
(Twp + D{Tap + D(Top + 1)

The transfer locus for Y:(p)Y.(p) is shown in Fig. 2-23. Since

Yi(p)Ya(p)

has no poles in the right half of the p-plane, the Nyquist criterion can be
applied to determine whether 1 + Y,Y; has
any zeros in the right half of the p-plane. It
is evident from Fig. 2-23 that the locus does
not encircle the point (—1,0) for K,K: = 0;
consequently 1 4+ Y;Y, has no zeros in the
right half plane, and Y (p) has no poles in this
\‘ region. It follows that the simple Nyquist
criterion can be applied in this case.

As a second example we shall consider a
servo for which the simple Nyquist criterion
isnot valid. Weshall again consider the sys-
tem shown in Fig. 2-17 and shall suppose that the tachometer and filter
combination has the transfer function

(198)

Y, ¥;- plane
==

Fig. 2:23.—Transfer locus of

Yi(p) Yi(p) = (KiK:ToP)/
{Tmp + 1) (Tap + 1)(Top + V],

_ Tp_ Y\’
Yip} = Kip (m) (199)
and that the amplifier plus motor can be described by
K
Yi(p) = 2 (200)

p(Top + 1)
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We shalf further assume that 7o > T.,.. As above, the feedback transfer
function is

_ %)
'O = rrrene (169)
where now
_ KlK? Top 3
Yo = ol () @00

The locus of Y,Y, is sketched in Fig. 2-24 for positive values of w only.
This locus intersects the negative real axis at about the frequency
wy = o L
0 \/§ Ty

The magnitude of Y'Y, at this frequency is
Y1V 2(wo)] = 3K:Ks. (203)

Thus the inner loop is stable if $K:K; < 1. If $K.K, > 1, the inner
loop is unstable and, indeed, an application of the theorem of Sec. 2-25
shows that in this case there are two zeros of the function 1 + Y,Y, in
the right half of the p-plane.

(202)

Y-plane

Y, Y,-plane

aih

@w=0+ A\ w=+co

¥1a. 2:24.—Transfer locus of Fia. 2-25.—Feedback trans-
Yi(p)Ya(p) = fer locus.
{KiKs/(Tmp + 1]
[Top/(Top + 1)]2.

We shall now assume that the gain is set so that the inner loop is
unstable. A sketch of the feedback transfer locus is shown in Fig. 2:25;
the origin of the p-plane has been excluded from the right half of the
p-plane by the usual detour. If the gain K, is such as to make the point,
(—1,0) be at A, then N = 0. Since Y(p) has two poles in the right half
of the p-plane, 0 = Z — 2, or Z = 2; the system is unstable. If the
simple Nyquist criterion were applied to this system, it would lead to the
false conclusion that the system is stable. If the gain K, is such as to
make the point (—1,0) fallat B,then N = —2. Inthiscase ~2=2 — 2
and Z = 0;the systemisstable. In applying the simple Nyquist criterion
one would have obtained a double encirclement of the ecritical point in a
negative direction; the result would then have been ambiguous.



CHAPTER 3
SERVO ELEMENTS

By C. W. MILLER

3.1, Introduction.—In this chapter there will be presented some
examples of the physical devices that are common components in elec-
tronic servo loops. Its purpose is to deseribe a few actual circuits and
mechanisms that may assist in the physical understanding of the problems
discussed in following chapters—the design and mathematical considera-
tion of the entire servo loop. This chapter can, however, serve only as a
cursory introduction to the field of servo components.

FiG. 3-1.—8imple servo loop.

Since the types of devices commonly utilized in the more .complex
servo loops are the same as in relatively simple servo loops, it is sufficiently
informative to consider the possible elements in such a simple loop as
that presented in Fig. 3-1. In this figure the common mechanical dif-
ferential symbol has been employed to indicate any device that has an
output proportional to the difference of two inputs. Thus,

e = 0, — fo. (1)

The various ‘““boxes’ employed in the loop have transfer characteristics
defined by

0. (p)
You(p) = 22554 2
®) =5 ) @
In general, attention will be focused on the frequency dependence of
these . transfer characteristics rather than on amplification or gain.
Because of this, no space will be devoted, for example, to the quite

involved problem of the design of vacuum-tube amplifiers. Special
76
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attention will be paid, however, to error-measuring systems and their
inaccuracies. This emphasis is based on the fact that such elements are
not included in the servo loop and therefore no amount of care in the
design of the loop will decrease the error resulting from their inadequacies.
The equation relating the input quantity 6; and the output quantity

60 in Fig. 3-1 18

bo - Yi2(p) Y2a(p) Ysi(p) . 3)
0: 1 4+ Yi(p)Yas(p) Yar(p) + Yas(p)Yalp)

The relation between error € and the output quantity is

6o _ Y12(p)Yas(p) Yr(p) (4)

e 1 + Yza(P) Y:«a(p)

It is to be noted that the loop in the example involves two devices of
the differential type. Differential 1 of Fig. 3'1 is an error-measuring
system; such systems will receive extended discussion in this chapter.
Amplifiers may be employed in either or both of the boxes Yi.(p) and
Ya(p). In one of these boxes there may be also a device for changing
the nature of the signal carrier; such elements will be mentioned in this
chapter. Also, special transfer characteristics may be desired for operat-
ing on the error ¢; suitable networks for this will be presented. Equaliz-
ing or stabilizing feedback is employed by the path through Y,.(p), and
a section of this chapter will present examples of the devices commonly
used to obtain a desired transfer characteristic Y3:(p). The remaining
box, the fransfer characteristic of which is given as Y3,(p), is often a gear
train and as such has (if it is properly designed) no interesting frequency
dependence. Some discussion, however, will be included on the problem
of gear trains.

There is, of course, no clear-cut rule for separating the components of a
servoloop. Indeed, even with the same servo loop it is sometimes helpful
to make different separations that depend upon the particular interest at
the time. In this chapter, the attempt will be made to separate transfer
functions according to physical pieces of equipment. To maintain con-
sistency with Fig. 3-1, primes will be used if additional equipment is
involved.

3-2. Error-measuring Systems.—Necessary components of any closed-

“loop system are those devices which measure the deviation between the
actual output and the desired output.

T4 is important that this difference, or error, be presented in the form
most suitable for the other components in the control system. Thus
the location of equipment, as well as the choice of the physical type of
error signal and its trapsmission, is important. For example, a mechani-
cal differential is rarely used as a device to obtain the difference between
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the actual output and the desired output, because it is often impractical
to realize these two quantities as physically adjacent shaft rotations.
Also, one may or may not desire the error as a shaft rotation, the choice
depending upon the amplifying system to be used and its required
placement.

Certainly one must also choose an error-measuring system that hag an
inherent accuracy greater than that required of the over-all loop. Often
both static accuracy and dynamic accuracy of the system must be
examined. Many error-measuring devices produce *“‘noise’” of such a
nature that the component frequencies are proportional to the rate of
change of the input and output quantities. The response of the loop to
this noise must be considered.

In addition to such noise, error-measuring systems utilizing a-¢ carrier
voltages commonly have in the final output not only a voltage propor-
tional to the error, with a fixed phase shift from the excitation voltage,
but alse a voltage that is not a function of error and is 90° out of phase
with the so~called error voltage. Harmonics of both voltages are usually
also present. The phase shift of the error voltage, if reasonably constant
for the class of device, is not a serious problem but must be considered in
the design of the other components. The quadrature voltage and the
harmonic voltages are often very troublesome because they tend to over-
load amplifiers and to increase the heating of motors. Special design,
nevertheless, can eliminate this problem (see Sec. 3-12).

Finally, the components of the error-measuring system must be
mechanically and electrically suitable for the application; that is, the
error-measuring system must fulfill its function for a sufficient length of
time under velocities and accelerations of the variables being transmitted
and with the exposure, impacts, temperatures, etc., encountered in the
anticipated use of the equipment.

Because of the ease of transmission of signals and the resulting freedom
in placement of equipment, electrical devices have had wide applications
as error-measuring devices. A few types will be discussed in the follow-
ing sections.

3-3. Synchros.—This discussion, elementary in nature, will be
restricted to a type of synchro that is in common use in Army, Navy,
and some nonmilitary equipment.

If the axis of a coil carrying an alternating current makes an angle 4
with the axis of a second concentrie coil, the induced emf in the second
coil will be K cos 8, where X is a constant dependent upon the frequency
and the magnitude of the current in the primary coil, the structure of the
coils, and the characteristics of the magnetic circuit. If two additional
secondary coils are added with their axes 120° and 240° from the axis of
the first secondary coil (see Fig. 3-2), the emf’s will be
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Eos: = K cos 0,
Eos1 = K cos (0 - 1%0), (5)
Eos3 = K cos (6 ~ 240°),

where the subscripts indicate the points between which the voltage is
measured and their order gives the sense of the measurement. The
terminal voltages will be

Es;sz =K \/-g cos (0 + 300),
Esss = K /3 cos (8 + 150°), (6)
Esssi = K /3 cos (8 + 270°).

In Fig. 3-2 the labeling is that for Navy synchros, and the circuit as
drawn is physically equivalent to a Navy synchro viewed at the end of
the synchro from which the rotor shaft extends. It is standard practice
in the Navy, however, to consider counter-
clockwise rotation positive rather than clock-
wise, as in Fig. 3-2.

Various modifications of the construction of
a synchro exist to suit different functional uses.
In this section, only synchro transmitters,
synchro repeaters, and synchro control trans-
formers will be mentioned. 1In these units, the
three stator coils are located on a laminated
magnetic frame that surrounds and supports the s3
rotor. Synchro transmitters and repeaters Fia. 3.2.—Schematic dia-
have a salient pole or ‘“dumbbell’’ type rotor, gram of a synchro.
but a control transformer has a cylindrical rotor. A mechanical damper
is built into synchro repeaters to decrease oscillatory response. For a
more detailed discussion of these types of synchros (and for discussion of
other types), one or more of the various references should be consulted.!

Table 3-1 gives a brief summary of some of the characteristics of a few
of the Army and Navy synchros.

3-4. Data System of Synchro Transmitter and Repeater.—Such a
device as that described in Sec. 3-3, so constructed that the angle ¢ can
be changed at will by turning the rotor (the primary), is known as s

t “Synchros and Their Application,” Bell Telephone Laboratories, Systems
Development Department, Report No. X-63646, Issue 2, New York, Mar. 19, 1945;
“Bpecifications for Synchro Transmission Units and Systems,” O.8. No. 671, Rev. D,
Bureau of Ordnance, Navy Department, Washington, Feb. 12, 1944; *‘Specifications
for Units, A. C. Synchronous for Data Transmission,” FXS-348 (Rev. 7) Tentative
Specification, Frankford Arsenal, Mar. 9, 1943; “United States Navy Synchros,
Description and Operation,” Ordnance Pamphlet No. 1303, A Joint Bureau of
Ordnance and Bureau of Ships Publication, Navy Department, Washington, Dec. 15,
1944.
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synchro transmitter (or generator) when it is used in transmitting elec-
trically the value of the angle #. By use of a synchro repeater (or motor),
the angle 6 may be reproduced at a remote position as a shaft rotation.
A synchro repeater is similar in structure to a synchro transmitter,
except for the addition of the damper previously mentioned. Because
of the difference in use, the rotor of the repeater is free to rotate with
little friction and low-inertia loads, whereas the transmitter rotor is
mechanically constrained to the value of 8 that is to be transmitted. A
repeater is connected to a transmitter as indicated in Fig. 3-3.

TaBLE 3-1.—Sy~NcHRO UNITs FOR 115-voLt, 60-cYcLE OPERATION

Exci- Unit static
, tation [Unit torque,| accuracy, | Rotor
Synchro Weight, Stator,| Rotor, cur- | gradient, degrees |inertia,
b volts | volts rent, |oz-in./degree Ib in.?
amp Avg | Max
5G Navy generator..| 5 90 115 | 0.6 0.4 0.2]0.6]0.31
6G Navy generator..| 8 90 115 1.3 1.2 0.20.6|0.94
7G Navy generator. .| 18 90 115 | 3.0 3.4 0.2|0.6 2.4
1F Navy motor. . ... 2 90 115 | 0.3 0.06 0.5, 1.5 | 0.026
5F Navy motor. . ... 5 90 115 | 0.6 0.4 0.210.6|0.31
1CT Navy control
transformer....... 2 90 5510045 ...........10.2| 0.6 | 0.026
3CT Navy control
transformer..... .. 3 90 55 | ..., AP LT I U I 0 0 2 ST
5CT Navy control
transformer. ... ... 5 90 55 0.045/...........10.1]0.3]0.31
IV Army transmitter | 4.8 105 | 115 | 0.55 0.48 0.25 0.5} .....
1-4 Army transmitter | 11.8 105 115 1.0 1.0 0.25/ 0.5 .....
X Army repeater....| 1.3 105 115 | 0.12 |10.020-0.025| 1.0 | 2.0 | .....
V Army repeater....| 4.8 105 | 115 | 0.55 0.48 0.25 0.5 | .....
II-6 Army repeater..| 10.3 105 115 | 0.55 0.53 0.25/ 0.5 | .....
XXV Army trans-
former. .. ... ] 1.3 104 60 | ..... AP IS 4 I ¢ I
XV Army trans-
former...........| 4.8 104 58 ... e e 09

If the rotor of the repeater has the same angular relationship to its
stator coils as the rotor of the transmitter has to its stator coils, no cur-
rent will flow in the stator leads. This is a minimal-energy position.
If the angles are different, currents flow in the stator leads and equal
torques are exerted upon both the transmitter and the repeater rotors in
such a sense as to reduce the misalignment and thus to approach a mini-
mal-energy position. Since the transmitter rotor is constrained, the
repeater rotor turns until it assumes an angular position 6, to within the
errors caused by construction difficulties and friction. It will be shown



Sec. 3-4] SYNCHRO TRANSMITTER AND REPEATER SYSTEM 81

(Sec. 3-6) that the restoring torque when a synchro unit is connected to
a similar unit acting as a transmitter is very nearly 57.3T, sin (¢’ — 6),
where T, is the unit torque given in Table 3-1. There is a position of
zero torque at 180° misalignment, but it is unstable.

A-c supply
Transmitter Repeater

Fia. 3-3.—S8ynchro transmitter connected to synchro repeater.

In some cases where it is necessary to reproduce a variable quantity
remotely as a rotation, the primary system can easily stand any torque
that might be reflected upon it. It might seem that a simple transmitter-
repeater system would have wide use in such cases. As is seen, however,
from Table 3-1, small loading would cause very appreciable errors even
for the larger synchros. If the error ever exceeds 180°, the synchro
repeater will seek a null 360° from the proper angle. In fact, the syn-
chro repeater may lock to a zero torque position after any number of
multiples of 360° measured at its own shaft. This makes it difficult to
obtain greater torques by gearing down to the load, though some schemes
have been devised.

As a further disadvantage, the transfer characteristic of a transmitter-
repeater system exhibits a high resonant peak (an amplification of 2 to 8,
depending on the manufacturer) at a frequency between 4 and 8 cps.
Any increase in the inertia at the synchro shaft results in a still poorer
transfer characteristic.

For these reasons, simple transmitter-repeater data systems are
generally used to drive only light dials. In such a use, a coarse dial
(so-called ““low-speed”’ dial) is driven by one transmitter-repeater com-
bination in which shaft values are such that the 360° ambiguity is of no
consequence or such that the ambiguity will be avoided by limits on the
variable. A fine dial (so-called “high-speed’’ dial) for accurate inter-
polation between graduations on the low-speed dial is driven by a second
transmitter-repeater combination. Since it is used only for interpola-
tion, the 360° ambiguity causes no concern.
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By adding torque-amplifying equipment that is activated by the rota-
tion of the synchro-repeater shaft, many types of servos can be devised.
They range from simple types in which the rotor activates a switch that
directly controls an electric motor, to more complex systems in which,
for instance, the synchro repeater controls a valve in a hydraulic amplifier.

3-6. Synchro Transmitter with Control Transformer as Error-meas-
uring System.—Without torque amplification, a synchro-transmitter-

52 S2
- [
Rl 7 |~f d N
A-c g
supply
RA 7!
\
\
~
.
Controt
Transmitter transformer

T1G. 3-4.—Synchro transmitter connected to a synchro control transformer,

repeater combination is not, in general, satisfactory as a follow-up
because of the low torque and poor response characteristic. As a result
of the extensive development of the science of electronics and of design
advances in electric motors and generators, torque amplifieation is often
obtained by electrical means. For this, the natural input is a voltage
rather than a shaft rotation. To meet this need, synchro control trans-
formers have been developed. Figure 3-4 shows how a control trans-
former is connected to a transmitter.

With neglect of source impedance, the voltages given in Eq. (6) will
be impressed across corresponding stator leads of the control transformer.
These voltages will produce proportional fluxes, which will add vectorially
to give a resultant flux having the same angular position in respect to the
control-transformer stator coils as the transmitter rotor has to its stator
coils. If the rotor of the control transformer is set at right angles to this
flux, no voltage is observed across terminals R1-R2. If the angle of rota-
tion 6’ of the control-transformer rotor is less than 8, an a-c voltage appears
across R1-R2 with a slight phase lead (about 10°) with respect to the line
voltage. If ¢ is greater than 8, an a-c voltage is again observed across R1-
R2,but with an additional 180° phase shift. Infact, the voltage appearing
across R1-R2 may be expressed as Exirs = Frae8in (§ — 6').  Since E,,, is
usually about 57 volts, there is, for small errors, about a volt per degree of
error measured at the synchro shaft. In addition, a quadrature voltage
(with harmonics), usually less than 0.2 volt in magnitude, is present even
at 0 = 6. Note that there is a ‘‘false zero’’ 180° from the proper .cro.

By use of a phase-sensitive combination of amplifier and motor, a
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torque can be obtained that can be used to make 6 just equal to 8. This
is accomplished by connecting the input of the amplifier to terminals
R1-R2 of the control transformer and controlling & motor, geared to the
control-transformer rotor, with the output of the amplifier. If the equip-
ment to be positioned is also geared to the motor, a simple servomechanism
is thus obtained. Examination of the phase of the voltage for angles
very near the ‘‘false zero’’ mentioned above shows that it is an unstable
position. The servo will quickly synchronize to the proper zero.

It is to be noted that here, as for the synchro-transmitter-repeater
data system, the error in following must not exceed 180° at the synchro
shaft, or this servo system will seek a null 360° or a multiple of 360°
(measured at the synchro shaft) from the proper angle. Therefore, the
same requirements on shaft values must be imposed here as were men-
tioned for the single synchro-transmitter-repeater combination.

Difficulties in fabrication introduce inaccuracies in synchros as shown
in Table 3-1. These inaccuracies are a serious limitation on the use of the
previously described system using a single transmitter and control trans-
former. Such an error-measuring system is often called a *single-speed ”’
synchro data system.

The effect of inaccuracies of synchros on the precision of transmission
of a quantity can be greatly decreased by operating the synchro at a
smaller range of the variable per revolution of the synchro. For example,
if the servo problem is to reproduce accurately the train angle of a direc-
tor, a ‘‘l-speed’ synchro system will be needed. For this there are
needed a synchro transmitter geared one-to-one to the director and, of
course, a synchro control transformer geared one-to-one to the remote
equipment that is to follow the director. Since 360° rotation of the direc-
tor rotates the synchro through 360°, a 0.5° inaccuracy of the synchro
system would give 0.5° inaccuracy in reproduction of the angle. This
1-speed synchro has no stable ambiguous zeros. It can now be paral-
leled with a ‘‘high-speed” synchro system, so geared, for example, that
10° of director rotation turns this second transmitter 360°. A similarly
geared control transformer is added to the remote equipment. The
synchros are now aligned or electrically zeroed (see previous references in
Sec. 3-3 for technique) by so clamping their frames that when the error
between director position and the position of the remote equipment is
zero, both synchro systems produce zero-error voltage. With such a
pair of high-speed synchros the inherent inaccuracy in reproducing the
train angle has been reduced by a factor of 36; for example, it is 0.013°
if an inaccuracy of 0.5° exists at the synchro shaft. Unfortunately, the
high-speed (which can in this case be called 36-speed) system has 35 false
zeros, or lock-in points.

The 1-speed system gives approximate information of the total train
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angle; the 36-speed system gives very accurate indication of the angle,
but only if it is synchronized at the proper zero.

A switching system is needed to put the l-speed system in control
until the reproduced train angle is approximately correct and then throw
the control to the 36-speed synchro system. Such a eircuit is often called
a ‘‘synchronizing’ circuit. An example of a type of such a circuit is
shown in Fig. 3-5.

The action of the circuit is quite simple. The first tube V1 acts as an
amplifier. The second tube is biased below cutoff. As the 1-speed error

- ~N
c_To R2 of 36-speed synchro ’/ \
R S N
c>T° R2 of 1-speed synchro \ P J 3
\\ / D relay
~ 4 high impedance
+300v low wattage
1C
TO1ur To servo-

SRy

( amplifier

To R1 of 36speed synchro
and R1 of 1-speed synchrg

Fic. 3-5.—Synchronizing circuit for dual-speed synchro system.

voltage increases, there is no effect on the plate current of V2 until the
error has reached a critical value related to the bias on V2, at which point
the average plate current of V2 increases rapidly. This eritical value of
error is chosen either by changing the gain of the first stage or by changing
the bias on V2 so that the 1-speed system assumes control before there is
any danger of locking-in on one of the adjacent false zeros of the 36-speed
system.

Since the error should be low while the servo follows motions of the
director, this circuit will not need to function except when the follow-up
system is first turned on or when there is a severe transient in the motion
of the director.

There are some considerations that tend to limit the extent to which
the shaft value of the high-speed synchro control transformer is decreased
in an effort to improve the accuracy of a servo and, incidentally, also to
increase the gain of the transmission system in volts per unit of <.vor.
One limitation is that the high-speed synchros should not be driven at too
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high a rate at the maximum velocity of the transmitted variable. For
example, Navy units listed in Table 3-1 should not be driven faster than
300 rpm, though there are special units, similar in other respects, that
can be driven up to 1200 rpm. Inertia considerations should not be
overlooked. Often the synchros, even if at 36-speed, reflect to the motor
shaft inertia that is not negligible, especially for small motors. Syn-
chronizing difficulties may arise at low shaft values of the high-speed
synchro. Because the region of high-speed control is extremely narrow,
a comparatively short time is required for the servo to pass completely
through this region. A large number of overshoots or even sustained
oscillation may result. Finally, little is gained by lowering the shaft
value of the high-speed synchro if backlash in the synchro gearing is
causing more error than that inherent in the synchros or, in general, if
the other components in the loop do not merit increased accuracy from
the data transmission.

The above director follow-up system will serve to illustrate a problem
encountered in dual-speed synchro systems. If the follow-up mechanism
is turned off and the director is rotated through an angle that is close to
an integral multiple of 180°, the 36-speed system will be at or near a
stable zero (see Fig. 3-6a). Furthermore, the system is at or near the
false zero of the 1-speed synchros, and there will be insufficient signal to
activate the relay of the synchronizing circuit. Thus the follow-up,
if turned on, would remain 180° from the proper angle until some condi-
tion arose that caused sufficient error to throw the relay. Such an
ambiguous zero exists in any dual-speed data system at those values of
the transmitted variable which require an even number of rotations of
the high-speed synchro and an integral number of half revolutions of the
low-speed synchro.

The problem of this ambiguous zero can be solved by putting in series
with the error voltage from the l-speed synchro control transformer a
voltage Eso that has a magnitude in the range

5

SHS — €C > 2Emn

Ego > e, )
where ec is the critical error angle that will throw the synchronizing
relay, Sus is the shaft value of the high-speed synchro system, and E.,, is
the maximum error voltage that the synchro can deliver. The voltage
Eyo i3 often called an ““antistick-off” voltage.

The purpose of this voltage Eso is to displace the false zero of the
1-speed system so that there is enough voltage from the 1-speed system
to throw the synchronizing relay at what was the ambiguous zero. Of
course, the 1l-speed false zero must not be displaced so much that it
approaches the next stable null of the high-speed system.
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The displacement of the false zero can better be understood if one
follows through the procedure of adding the voltage step by step. Figure
3-6a is a plot of the magnitude of the voltages observed from both the
1- and the 36-speed synchro systems as the director is rotated through
360° of train angle with the follow-up turned off. In this figure, when the

Ermax 36-speed
\ m [\’ i

- speedj

voltage  Emax

| i |
350° 0° 10° 90° 4 170° 180°190° 270°
(Distorted angular scale)
(a)

EmaxtEso ~“~36- speed
\ voltage
1- speed
< voltage
o Eso
| R I oo |
350° 0° 10° 90° o 170° 180°190° 270°

(Distorted angular scale)
(b)
Fia. 3-6.—Adding stick-off voltage to dual-speed synchro system.

plot of the magnitude of the a-c error voltage passes below the baseline,
it indicates a phase shift of 180°. For clarity, only the voltages in the
region of 0° (the angle at which the remote equipment has been left)
and in the region of 180° (the region of the ambiguous zero that we wish
to eliminate) are plotted. This is merely a partial plot of

E. = E,. sin 8, (8a)
and

Ey = E... sin (366), (8b)

where Ep is the error voltage from the l-speed system, Ey is the error
voltage from the 36-speed system, and 6 is the angle through which the
director has been turned.

If a voltage Eso from the same a-c source that is used to excite the
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synchro generators is added to the l-speed error voltage, the voltages
become
E;, = E... sin § + Ego, (9a)
Ey = E.,. sin (366). (9b)

This will displace upward the curve in Fig. 3-6a labeled ‘‘ 1-speed error
voltage.”

Now it is still necessary that when the director is at the same angle as
the remote equipment, the error voltage from the 1- and 36-speed systems
be zero and of the same phase for small errors. Therefore, we realign
the low-speed control transformer to obtain these conditions, and the
result is shown in Fig. 3-6b. The equations for the voltages are now

E! = Enwe sin (6 — ¢) + Eso, (10a)
Ey = E.., sin (3696). (10b)

Since at 8 = 0, EY = 0, we have
Eso = Em., sin ¢. (11)

The new position of the false zero 8, of the 1-speed system is given by
the solution of

0 = E... sin (6; — ¢) + E... sin ¢,
or (12)
6, = 180 + 2¢.

Thus the false zero has been shifted through an angle 2¢. It is desired
that the false zero be shifted by an amount greater than ec, the critical
error angle associated with the throwing of the synchronizing relay.
Then the follow-up will be unable to settle in the stable zero at 180°
of the 36-speed system because the synchronizing relay will be energized.
Also, the false zero must be shifted by an amount that differs by ec
from an integral multiple of the shaft value Sus of the high-speed synchro.
For practical reasons, it is well to limit the shift to an amount less than
the shaft value of the high-speed synchro. Therefore,

SHS — €c > 2¢ > €c- (13)
Since ¢ is fairly small, we may write

Sas —ec > 2 E?—7 Eso > e (values in degrees). (14)

For a 1- and 36-speed system, such as our exé,mple, Sus = 10° and

¢c is usually about 2°. Thus a reasonable choice of Eso is about 3 volts,
because En. =~ 57 volts.

We may generalize the above formula to include systems in which the
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low-speed synchro is not at i1-speed and obtain

> €c,y (15)

in which Sys is the shaft value of the low-speed synchro and Spus, Sis, and
ec are all expressed in the same units of the variable.

3-6. Coercion in Parallel Synchro Systems.—So far in this discussion
there has been no mention of the effects of the internal impedance of
synchro units. As more follow-up systems composed of synchro repeaters
or combinations of synchro repeaters and transformers are added in

~a Zra -7
Transmitter Repeater
size "'a” size 6"

4
E
t

Fra. 3-7.—Simplified synchro circuit for torque calculations.

parallel to a single synchro transmitter, impedance effects become more
pronounced.

Simple relationships, predicting these effects with satisfactory
accuracy for small angular errors between transmitter and follow-up,
can be obtained from elementary reasoning. These relationships are
supported both by experiment and by precise analysis.!

We are interested in a synchro system that is transmitting a fixed
angle 6. For generality, a transmitter of size a and a repeater of size b
(such as, for instance, & Navy 7G driving a Navy 5F) are chosen. The
Y-connected stator system is replaced by a stator system composed of

1T, M. Linville and J. 8. Woodward, ‘“Selsyn Instruments for Position Systems,”
Elec. Eng., New York, 53, 953 (1934).
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one coil with its axis at an angle 8 (thus parallel to the transmitter rotor)
and a second coil with its axis at an angle 8 4 90°. This is an equivalent
circuit for computing torque, provided appropriate circuit values are
used. By applying a small torque to the rotor of the repeater, a small
angular error A is introduced into the system. The configuration is
drawn in Fig. 3-7.

Examination of Fig. 3-7 shows that the current 7, will be, to lowest-
order terms, proportional to 1 — cos A = A?/2. Thus both 7, and its
derivative in respect to A are negligibly small, and the torque will arise
predominately from the currents 7 and ;. If one ignores loop 1, the
equations for 7. and 7; are

i = joME sin A (160)
BT Zrb(Zm + Zub) + w?M? sin? A,
. E
N (T (160)
" Zaa + Z;b

where M is the mutual inductance, at A = 90°, between the repeater
rotor and the repeater stator coil carrying the current 7,.
The energy of the simplified circuit is

U = ‘é’(La + Lb)‘l:g’l:z + M sin A’igis + %‘L,b’l:;ﬂ.m (17)

where L, and L, are the inductive coefficients of the stator windings of
the synchros size a and b respectively and L,; is the inductive coefficient of
the rotor of the size b synchro.

The torque is proportional to the rate of change of this energy with
the angle A. If it is assumed that M = +/L,L; and that the resistance
of the windings is small compared with the reactance, one obtains ’

E? sin A
@ (La + Ly)
in which E, is the secondary voltage for A = 90° with no loading and K
is constant.

We note that the torque obtained when a synchro unit is used with a
gimilar unit is, for units size ¢ and b,

T=K (18)

g
T, = Kw = (Tu)a sin A,
2w,
Esin A . (19)
Tb = K WIT = (Tu)b sin A.

The symbol Ty is unit torque in ounce-inch per radian and is 180/r times
the value listed in Table 3-1. With substitution of these expressions, Eq.
(18) becomes

T =2 ————(TI):_SLE A; (200,)
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where

(Tu)b
R = - 205
(Tu)u ( )
If, now, we drive n repeaters of size b, each following with the same
error (as they well may, because of similar friction loading), the term L,
in Eq. (18) is reduced by a factor 1/n. The torque is equally distributed
at the n shafts, so that at each repeater shaft the torque is

-9 (Tw)s sin A
h n+ R

With similar reasoning, the torque at each repeater shaft can be com-
puted when different sizes of repeaters are connected to a single transmit-
ter. The decrease in the torque gradient as more repeaters are connected
to a transmitter will result in greater error, because the friction load
at each repeater remains constant. For conservative estimates, one may
assume that three-quarters of the error for a given repeater arises from
friction and proceed on that assumption to compute the increased error
as loading decreases the torque gradient.

T (21)

Zla 1 Zl‘b

E cos (9-4)

E cos (6-4-240°)

E cos (9-240°) E cos (6-120°) E cos (9-A-120°)

Z:iu ’ ZZb
Fie. 3-8.—Simplified synchro cireuit for terminal-voltage calculations.
2 aZ 2M 2
Zra = Zo + UM o2 g, Zu = 2y + % cos? (8 — A),
Zrs : Ze
2M 2 20,2 2 — A — 120°
Zoa = Zo + M osr (0 —120%, 2y = 2, 4 S0 O )
Zra Zn,
M, 2M 2
Zso = Za + Z5 =" cost (0 — 240°),  Zu=Zy + - cos (6 — A — 2407
ra b

It is often desired to connect a control transformer to a transmitter
that is already carrying a load of one or more repeaters. Therefore it is
worth investigating the accuracy of such a system. This involves obtain-
ing expressions for the stator voltage of a transmitter under load. We
shall again use only simple approximations. Figure 3-8 is the circuit of a
transmitter (size a) connected to a motor (size b) from which, by Theve-
nin’s theorem, the rotor circuits have been removed. The mesh equa-
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tions are

E v/3[cos (8 + 30°) — cos (§ — A + 30°)]

= ’ix(zlu + Zlb) - i2(Z2a + Zzb),
E +/3[cos (§ + 150°) — cos (§ — A + 150°)]

= 7:1(Z1a + Zlb) - ’ia(zaa + Zsb),
E \/3[cos (8 + 270°) — cos (6 — A + 270°)]

= i2(Zsa + Zn) ~ 13(Z3a + Z3p).
The meaning of the impedance terms is indicated in Fig. 3-8.

In manipulation of Egs. (22), we will need to examine the general

factor

(22)

Zoa  _ 1 -1 _.
Zoa ¥ Zo z,[1 4 Mioost (¢ — &) (7, 1+ ?
1+ L Z3 Zy ¢
Zo1 + (M2 cos? ¢/2%)(Z1a/Z0)]
(23)

The factor C is a constant for a given configuration of synchros because
Zp/Zy = Z.a/Zs, and because (w?M? cos® ¢)/Z% = —E%/E? where
E,, is appropriate stator voltage for the general angle ¢ and E, is the rotor
voltage. Multiplying each side of Eqgs. (22) by Eq. (23) and recalling
that A is a small angle, we obtain

CE ‘\/g A cos (0 + 1200) = i1Z1a - izZza,
CEN/3Acos (84 60° = 171, — 1523,
CE /3 A cos.0 = 12700 — 3% 4a.

These expressions are the internal voltage drops in the transmitter.
Therefore, the apparent stator voltages are

E +/3[cos (8 + 30°) — AC cos (8§ + 120°)]

= E /3 cos (§ + 30° — CA),
E \/3[cos (6 + 150°) — AC cos (6§ + 60°)]

= E /3 cos (6 + 150° — CA),
E \/3[cos (8 + 270°) — AC cos 6]

= E /3 cos (6 + 270° — CA).

Comparing these apparent voltages with Eq. (6), we note that because
of loading, the stator voltages for the system that should be transmitting
the angle 6 are voltages which would be associated with the angle § — CA.
Therefore, any servo employing control transformers in this system will
have an additional error of —CA°. With reasoning identical with that
presented in obtaining Eq. (20), it can be shown that

1

C=____

(Tu)s (26)
Y.

(24)

(25)
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It should be emphasized that in a complex system of synchros fed
from a single generator, there are both ‘“steady-state’” errors due to
loading and interaction errors during any transitory response. Since
synchro repeaters are fairly unstable devices, the transmitter that is
chosen must be so large that the repeater oscillations are not excessively
reflected in the control-transformer signal.

3.7. Rotatable Transformers.—A rotatable transformer resembles a
synchro in that it has a wound armature that can be rotated relative to a
stator system. The stator system, however, is composed of a single
winding rather than three distributed in space. The device is, in fact, a
simple two-winding transformer so constructed that one winding can be
rotated in respect to the other winding. As an element for simple
transmission of data, it has rather restricted use. It possesses only one
major advantage over a three-stator winding synchro-—it requires one
less lead. Occasionally, for instance in transmitting data from a gyro
supported in a gimbal system, the reduction of leads is important. If,
for some such reason, it is decided to use a follow-up system employing
rotatable transformers, one transformer is appropriately mounted on,
say, the gimbal system of the gyro so that the angular rotation of the
rotor with respect to the stator is the desired datum. This datum could
well be the true elevation angle.

For thermal reasons, it is preferable to excite the stator winding of
such a transformer rather than its rotor. The voltage E, from the second-
ary (rotor) winding at no load will be, to a close approximation,

JwME, cos 8

e A
where the subscript p refers to the primary, s to the secondary, and 8
is the angle between the axis of the two coils. In terms of the angular
variable 8 to be transmitted, the expression for the secondary voltage is
B, = — JeME, o 3+ K). )

Zy

E = (27)

where K is an alignment parameter.

An identical rotatable transformer is mounted on the remote equip-
ment that is to reproduce the angle 8. It is so aligned that its voltage is
identical with that expressed in Eq. (28). The units are then connected
as suggested by the equivalent circuit presented in Fig. 3-9. The series
connection of the primaries will be mentioned later.

The error voltage is given by

V = (E)mulcos (8 + K) — cos (8 + K + 4)]
2 (EJmex A sin (8 + K), (29)

with the assumption of a small value of A.
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It is evident that the gain (volts per degree error) is not constant for
this error-measuring system but varies with the transmitted variable as
sin (8 + K). Therefore, it can be used only in transmitting a variable
that is limited to some range such that 8 has a variation of less than 180°.

-0
E (line)
lo}

btas,

‘/: Remote
data input

F16. 3-9.—Error system using rotatable transformers.

Furthermore, it is important to adjust K to minimize the gain variation.!
This establishes the appropriate value of K as

K =90° — 2 0Py, (30)

where 8. and . are the upper and lower limits of 8. The associated
percentage change of gain is

AG = <1 — cos @;—‘3&) 100. 31)

The permissible change of gain for a servo will not be discussed in this
section. The analysis for investigation of the effects of change of gain is
usually not difficult; a greater problem is often that of locating and deter-
mining all of the possible gain variations. A gain change of more than
20 per cent in the error-measuring system is often undesirable. This
would limit the range of 8 to about 75° in the above equation.

A practical difficulty is indieated by Eq. (28). If the a-c voltages
from the secondaries differ in time phase by « degrees, the subtraction is
imperfect; a quadrature voltage, with a small phase difference a and a

. E))mes . .- . : . .-
small amplitude a (—5;——— sin{ g — @—2—&—/ volts, is present in addition
to the true error voltage. For example, if (F,)n is 20 volts and « is

! In some casces it may be preferred to choose a value of K influenced by an impor-
tant region of 8 as well as the totad range of the vidue of g,



94 SERVO ELEMENTS [Sec. 3.7

2°, the quadrature voltage is about 0.4 volt at the extreme of 8 suggested
above; this is a voltage of greater magnitude than the error voltage for an
error of 1°. This quadrature voltage can be diminished by exciting the
primaries in series, as has been done in Fig. 3-9. Often this is a good
solution. The fact that frequently the units are necessarily small in size
because of mechanical limitations of the application, tends to set a
requirement of lower primary voltage; also, the series circuit helps to
assure that the magnitude of E, will be identical for both units.

¢(t)$
l\g‘i,’

/

Servo

0_.
E (line)
P

Fra. 3:10.—Computational error-transmission system.

Often a rotatable transformer is present in an error-measuring system
as.a computational device. As a simple example, suppose that it is
desired to solve continuously with the aid of a servo the following explicit
equation for z(z):

- sin ()
28 =Y o5 00 (32a)
where v is a constant, ¢(¢) is without limit, and 8(¢) has limits that restrict
z(t) to finite values. For ease of solution, the equation can be rearranged

as
cos B(t)z(t) — v sin ¢(¢) = 0. (32b)

The sine and cosine terms can be obtained from rotatable transfor-

mers. The circuit is that of Fig. 3-10.
The error voltage across R, is

V. = K cos 6(t) Az, ' (33)

where K is a dimensional design parameter and Az is the error in z. The
gain is K cos 6(¢). The limits of 8(f) determine whether or not it may be
necessary to remove this gain variation. One simple way is indicated in
Fig. 3-10, in which the resistor R, is a potentiometer or attenuator in
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series with a fixed resistor. The potentiometer is so wound that the
resistance measured from the arm to the lower data line is

sec {Na(t) + [8(0)]mn]
*sec {N[a()luae 1 100 Jmin}

In this expression [a(f)]a.. is the total useful rotation of the potentiometer
and N indicates the proper gearing, defined by

[6()]max — [0(D) )i = N[t(t)]auas- (34)

The resistor from the lower terminal of the potentiometer to the data
sec [8(t) i
56€ [60) loux

3-8. Potentiometer Error-measuring Systems.—In some special appli-
cations it is desirable to use a d-c¢ signal carrier. The inputs may exist
“paturally”’ as direct current, as in the problem of controlling or record-
ing the output of a d-¢ generator, or an input may have been brought

Rm

AAA,
VWA~

line should have a value R,

Servo (-9 %>

SR

F16. 3-11.—Data system for multiple additive inputs.

deliberately to a d-c level, so that smoothing of the data can be accom-
plished with greater facility. Insome such cases, it may be advantageous
to utilize potentiometers as elements in the data system; since accuracy
and life are of prime importance, these are invariably of the wire-wound
type. If a slide-wire type is used, the data are continuous, but it is
difficult to obtain reasonable values of over-all resistance. For this
reason the more common type of potentiometer in which a contact arm
makes turn-to-turn contact is in wide use.

An error-measuring system utilizing potentiometers might be of the
form of Fig. 3-11, which has been generalized to indicate the possibility
of more than one input quantity. It will be assumed that the inputs are
to have equal weighting. Some or all the input voltages might well be
obtained from potentiometers.
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The output of the net, with the servo off, is

1 R, RI
Eo = El + =
R. R R <1{1 o
1+R,+E+ + ot R
R R.
+ 7. E, + R Em> (35)

The following relations may be obtained by design:

E, = K81
Ez = K2912
E,, = Kﬂolﬂ_
Em = —KMOO.

The output voltage of the net E, is, of course, the error voltage and is
expressible as Ge, where ( is the voltage gain of the net.  If

R.K\ _R.K, R, K, -
BK. RK.-  TRK-L 3

then Eq. (35) reduces to
Eo = (e, (38a)

where

€ = 911 + 012 + ot + Bln - 00. (38b)

The gain G of the net is

R,
G = Kn—p R (39)
L
1+ = B + 7, Ly R +

The net shown in Fig. 3-11 is only a simple example of what may be
used. Multiplication and division of functions of variables can also be
achieved; in fact, nets ean be designed that, by the aid of a servo, obtain
continuous solutions to quite complex equations.

Adding networks of the form presented above is often useful in accom-
plishing the function of Differential 2 of Fig. 3-1. In such a case, the
feedback quantity from the output of Box 32 is one input quantity to the
network, the output of Box 12 is the second input quantity, and the out-
put of the network feeds into Box 23.

In the type of potentiometer in which the contact arm makes turn-to-
turn contact, the data are discontinuous. The nature and position of
these discontinuities are of interest both in accuracy considerations and in
understanding the ‘‘noise’ that such a potentiometer system adds to



Sec. 3-8] POTENTIOMETER ERROR-MEASURING SYSTEMS 97

the true data. Such discontinuities are of the order of Es/T, where Es
is the voltage across the potentiometer and T is the total number of turns
on the potentiometer card. Thus they are small, but the development of
accurate servo-controlled potentiometer winding machines has advanced
to the stage where it is of value to examine even such small errors.

We shall examine these discontinuities for a potentiometer that has
been wound perfectly with T identical turns. A physically equivalent
circuit is presented in Fig. 3-12. The effective width of the contact arm
is Kd — b + d/c, where d is the distance between centers of the wires
along the contact surface, b is the width of the effective contact surface

>

E "

(K= 14 1) oo X ———————= I-‘(K—1+-L-)%-I

-~ :b Ry e| z=0 —=kKd- b+15 Zw(Z)max
1 2 3

n+K n+K+l n+K+2 N-2 N-1 N

L Bs K21
co2(C>]

Fig. 3-12.—Equivalent circuit for a potentiometer.

of a single wire, K is an integer equal to or greater than 1, and cis a
number greater than 1. For a contact-arm motion of d/¢, K turns will
be short-circuited; for a contact-arm motion of {1 — (1/¢)jd, K — 1 turns
will be short-circuited. In each of these regions, the voltage observed at
the contact arm will remain constant. Actually, since this cycle may be
used to determine K, d, and 1/¢, the following derivation is valid for any
shape of contact arm or wire surface. If we consider such a cycle in the
region of the nth contact surface, we have

-1y
-
T = ( + 5 — E)d,

where z, and z, are the extreme values of x for which the K turns between
the nth and the n + K contact surfaces are short-circuited and z; and z,
are the extreme values of z for which the K — 1 turns between the n 4 1
and the n + K contact surfaces are short-circuited. As seen from Fig.

31

Z2
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3-12, the assumption has been made that the potentiometer is

w0+ ()}

shorter than its actual physical length, and half of this correction is sub-
tracted from each end. This correction is needed to minimize the errors.
Intuitively, one realizes that it arises from the short-circuiting action of
the contact arm.

The inherent potentiometer error due to resolution will be defined as

E E
¢ = (ﬁ)m - (E‘) (41a)

Obviously, the extreme errors occur at xi, 22, %3, and/or z,. At the
extremes of the region of short-circuiting K turns, Eq. (41a) becomes

€1,2) = n‘_l' - Ta.n :
Ly = m—
rT-K T-K+1-!

(41b)

At the extremes of the regions of short-circuiting K — 1 turns, Eq. (41a)
becomes
n Z3,4)

€3.4) T = : (41c)
T-K-+1 T—K+1—%

If we ignore terms that are always of the order of 7-2 and assume
T > K and 1/¢, we obtain from Egs. (41b) and (41c):

N 2__1__27}
“=ar\e cT/)

Examination of Eqgs. (42) shows that

(él)N—-n = "(fz)n,
(52)N-—-n = _(fl)m
(ea)N—n = —(54)m
(fl)N—:-n = —(¢x)n

(43)
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If we define A as equal to (1/¢ — %), it is also true that

(er)4a = —(ed)-a
] 44)

(e2)ya = —(e3)-a

Because of Egs. (43) and (44), it is of interest to examine the errors for
only 0 <n < N/2and 1 < ¢ £ 2. Figure 3-13 shows the errors given
by Egs. (42) for some values of n and 1/c. It is to be noted that the
potentiometer, if perfectly aligned, has apparent resolution of at least

7 1—L -
T // s 1 €
Ve < &7 ¥
’ 1 17 ‘2 c=2
6
T

c»1

g ——

=N

4
F1a. 3-13.—Potentiometer resolution and errors.

1/2T and, for ¢ = 2, consistent resolution at the center of the poten-
tiometer of 1/47.

Often it is impractical to avoid using the potentiometer in the region
of z = 0. This is especially true when a function capable of positive
and negative values is being converted into an electrical voltage by means
of a tapped potentiometer. There is a region of zero voltage at the tap
that is [Kd + (d/c)] units wide. This represents a separation of

(& - na+(¢)

between the intercept on the z-axis of the best voltage slope for negative z
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and the intercept on the z-axis of the best voltage slope for positive z.
This, if the error is split, makes the voltage always too low on either side
of the tap, and an additional constant error of magnitude

[K — 12; (l/c)]

is present. Obviously, in such tapped potentiometers K must be kept
small.

The broad zero-voltage region may be avoided by ‘“floating” the
potentiometer, that is, not grounding the zero potential point. This,

N K

R ot e

]

_ESO—-—— :

S [}

£3 \\_ ________ i. —_——d

ST (a)
< T

cm———tl e e Tachometer e b
achol (:

———-—-&-—}—sso

&

f£16. 3-14.—Differentiation and integration by error-measuring elements.

however, permits the coordinate of the zero potential to drift if, because
of loading, 4+ E, is not identical with — E, or if thermal differences cause
nonuniform changes of the resistance in the potentiometer.

It can be seen that the noise arising from the finite resolution of the
potentiometer will have a fundamental frequency dependent upon spac-
ing of the wires, the portion of the potentiometer in use, the contact arm
parameter ¢, and the velocity of the contact arm. The amplitude
of the noise will be dependent on the first three of these parameters.
Because of this noise, it is generally unwise to attempt to utilize error-
derivative nets in high-gain servos using such error-measuring systems,
for the amnplifier or motor may overload or overheat as the result of the
high gain for such noise.

Since only discrete voltages may be obtained from such poten-
tiometers, high-gain servos may display a tendency to chatter with a very
small amplitude in seeking a voltage value that is not obtainable. With
a higher degree of stability in the loop, the tendency usually disappears.
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Computational error-measuring elements are not restricted to those
which perform the algebraic manipulations of multiplication, division,
addition, and subtraction. There are also elements that can be used to
perform the operations of integration and differentiation. To accomplish
these operations, any device can be used that has an output proportional
to the time rate of change of the input. Such a device will be called
here a ‘“‘tachometer.”” If the input exists as a shaft rotation, a simple
tachometer is a small d-c¢ generator. Usually such a tachometer has a
permanent-magnet field, but there is no reason why the field cannot be
supplied by an external electrical source; the output voltage will then
be the product of some function and the speed of the shaft of the tachom-
eter. Indeed, one might thus obtain the second derivative of the motion
of a shaft, although accuracy greater than a few per cent would be difficult
to obtain.

Simple examples of circuits using electrical tachometers and poten-
tiometers are presented in Fig. 3-14. In Fig. 3-14a, the error voltage is

- _ g b
Vc - KTpel Ea (eo)m) (450,)
and, for the steady state,
Bo = [%Z (oo)mnx] pf; = Cypb). (45b)
In Fig. 3-14b, the error voltage is
Vo= E e — Kupbo, (46a)
(el)mlx
whence
Ea 1 61 61
bo ={ o | L=, — 4
o {(Bl)m“ Kr]p 25 (46b)

In the above equations, Kr is, of course, the voltage-speed constant
of the tachometer. For a certain permanent-magnet tachometer,! which
has been used in many equipments, K, = 35.50/1800 volts per rpm
+10 per cent, with +0.5 volt depending on direction of rotation. The
linearity of this tachometer is 0.5 per cent. The tachometer has a large
number of commutator segments (18) to reduce noise.

3:9. Null Devices.—There exist error-measuring systems that,
although often not employing elements materially different from those
described above, are unique in their application and do deserve separate
classification. They will be called null devices, because they contribute
no error that is a function of the magnitude of the transmitted variable.

An example will serve as a definition. Here the problem is to posi-
tion a shaft with high torque to the same angle as a shaft on which only

! Type B44, Electric Indicator Co., Stamford, Conn. Pt
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a slight load may be imposed. If the shafts can be so placed as to have a
common axis, the low-torque shaft can ecarry the rotor of a rotatable
transformer and the high-torque shaft the stator. If the unit is properly
aligned, there will be zero output voltage at zero error; and if error exists,
the phase of the output voltage will indicate the sense of the error. Since
the null position is used, no error will be contributed by the rotatable
transformer. It is important that the error-voltage output be fairly
linear with error, but this is a problem of servo-loop gain and not of
positional accuracy.

It is apparent that many types of null device are possible. One
shaft may, for instance, carry one set of the plates of a condenser, and
the other shaft the other set of plates for the condenser. If, then, this
condenser is one arm of a bridge circuit excited by alternating current,
proper error signals can be obtained from the output of the bridge. On
the other hand, coupling between the two shafts may be by a narrow light
beam. The low-torque shaft may carry a light source or a mirror to
reflect a beam of light from a source on the follow-up shaft. The fol-
low-up shaft then carries a prism which splits the received light beam
and sends it to two photoelectric tubes. Zero error, of course, should
exist when the outputs of the two photoelectric tubes are equal. Both
of the examples in this paragraph, howeyer, are subject to possible errors
arising from variations in several elements; for example, variations in
the other arms of the bridge in the first case or differences in the charaec-
teristics in photoelectric tubes in the second. On the other hand, such
systems impose truly negligible loads on the low-torque shaft. The
designer must, weigh such considerations for each particular application.

In some problems, the displacement to be followed exists as a linear
motion. Many of the devices used in following rotational displace-
ment are then applicable with obvious modifications.

One device, a so-called ‘‘ E-transformer,” has been widely utilized,
especially in following linear motions. A sketch is presented in Fig.
3-15a. 'The E section is earried by the follow-up, while the bar section is
carried by the displacement to be followed. Motions are in the plane of
the paper and across the figure as indicated by zo and z;. Terminals
1 to 2 are excited from the appropriate a-c source. There is one position
of the bar for which zero voltage (ideally) is observed across terminals
3 to 4. This is the position in which the bar gives such coupling that
equal and opposite emf’s are induced in the secondary. Practically,
there will be harmonic and quadrature voltages left at the null position.
For a displacement of the bar to the left of that zero position, a voltage
of phase ¢ appears across the secondary terminals 3 to 4; and for a dis-
placement to the right, a voltage of phase ¢ 4+ 180° appears across the
secondary. This voltage, then, may be used as an error voltage, and it is
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not difficult to obtain at least approximate proportionality between error
and voltage for small errors. One must be certain, however, that varia-
tions in coupling arising from causes other than the difference between
z; and xo, such as mechanical looseness, do not occur, because such
variations impair the accuracy of the device.

There is an important extension of the idea of an E-transformer that
is useful in following an object that moves in two coordinates. Such
a problem is encountered when a radar director is to be stabilized by
reference to a gyro axis that is kept pointed at- the target. The device
consists of two single-coordinate E-transformers at right angles to each
other, with a common center, or primary pole. This assembly is moved
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I'16. 3:-15.— E-transformers.

by the follow-up. The input motion, from a gyro in our example, moves
a dome, shown dotted in the plan view of Fig. 3-15b. The separate error
voltages for the two servo systems involved, train and elevation, are
available from the two secondary systems.

3.10. Motors and Power Amplifiers.—Most d-c servo motors, used
with controlled armature voltage and fixed-field excitation, have torque-
speed characteristics that, to a very good approximation, may be defined
by either of the sets of conventional coefficients. If one starts with the
assumption that the torque 1 is linear with the armature current and that
the current is a function of motor speed @, and applied voltage E.., one
has

dM . _dM B, | dM (i
M= ™= din (3B T din (m) O
5im ).
E. . K.
= K" — Kig® 0, (47)
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or one may directly assume M = f(,, E.), and then

MY (99 oM _ B
M = - (m)ﬂ:m (a—Ey"’L))r Em + (m)gm Qm - memEm me‘ﬂh (48)

In the above equations E, and 7,, are the voltage applied to the motor
armature and the current flowing through the armature. The coeflicients
defined by Eqs. (47) and (48) have descriptive names: K, is the torgue-
current constant; K, is the back-emf constant; K,, is the speed-voltage
constant; and f. is the internal-damping coefficient. It is seen that
K. = K;1. Strictly, Eq. (48) assumes that there is no time lag between

100% ( Em) max ;E ! E=constan!

Aﬂm)
AEn /M

Ny e

F1g. 3:-16.—D-c motor characteriatics.

im and E,. Figure 3-16 illustrates the constants for a hypothetical d-c
servo motor. Except at high values of 7,, where saturation effects may
appear, existing d-c servo motors have characteristics that are, for prac-
tical purposes, similarly linear.

Two-phase low-inertia motors have been developed that are very
convenient for low-wattage control applications. For many of these
a~c motors the conventional coefficients are far from constant over the
whole range of excitation and speed. More accurate analysis of the
motors, however, does not yield a simple relation for M = f(Q,,,En).
For this reason it is common practice to use the coefficients defined in
Eqgs. (47) and (48). Fortunately, they are often fairly constant for low
speeds and voltages. Figure 3:17 shows how the coefficients vary for one
two-phase motor. For this same motor K,/Z,. is reasonably constant
over a wide range of E and Q... It is seen that for speeds less than one-
fourth of maximum speed, fn and K, are fairly constant. Thus, for
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applications where accurate performance is not required at the higher
speeds, one may analyze the loop using low-speed evaluations of the
constants. It is advisable, however, to investigate the stability of the
loop at intermediate and high speeds, because different values of the motor
time constant and the loop gain will be encountered.

In many cases it is possible to employ gain devices or amplifiers that
are nearly independent of the frequency over the region of frequencies
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Fi6. 3-17.—Characteristics of two-phase a-¢ motor, Diehl FPE49-2, Sixty cycle, 110 volts
on fixed phase, 1l-watt maximum output rating.

that is of interest in the closed servo loop. For example, most vacuum-
tube amplifiers can be represented as having a transfer characteristic

G12
Tp 4+ 1

to asatisfactory degree of exactness. Since the attainment of an appropri-
ate value of G;. is the primary concern in amplifier design, the equivalent
time constant 7T is often somewhat aceidental. Fortunately, it is usually
small. The wise designer, however, will experimentally determine
Y12(p) to reassure himself concerning the small magnitude of T and to
obtain its value. Similar statements hold for any vacuum-tube ampli-
fication that might exist in Box 23 or Box 32.

The final, or power, stage of amplifying equipment may employ any

Y12(P) = (49)



106 SERVO ELEMENTS [Sec. 3-10

of several elements depending upon the magnitude of power required and
the designer’s preferences. For applications utilizing very small motors
(less than %5 hp) saturable reactors or electronic tubes, either the gaseous
or vacuum type, are in common use. Power vibrators, thyratrons, or
rotary magnetic amplifiers are often emplioyed for controlling larger
motors.

Since the rotary magnetic amplifier (amplidyne) has received wide
application as a power stage driving a d-c motor, it may be of value to

Ra+Rc+(La+L.:)P

Ra+Rq+(La +Lq)p

Rotary magnetic amplifier D-¢ motor
Fig. 3-18.—Rotary magnetic amplifier and d-c motor.

obtain an expression for the transfer characteristic of such a combina-
tion. The equivalent circuit is shown in Fig. 3-18. The axis of the
rotary amplifier established by the direction of the flux from the excita-
tion current ¢, is commonly called the direct axis. Quantities associated
with this axis will be characterized by the subscript d, and those associ-
ated with the axis at right angles to this direction (the quadrature axis)
will have a subscript ¢. In this primary direct-axis field, ¢, is a wound
rotor driven by an auxiliary motor at aspeed S. It is apparent that

K, €s _Ls

R‘f‘ —thp + 1) T_f = E) (50)
in which K, is a constant describing the magnetic circuit. Because of
the rotation of the rotor, an emf is developed between the brushes b
with a magnitude

b1 = Kiiy =

~L.+L,

€0 = SKeda = (Bo + R)(Twp + Vi, To = prppt

(51)
The constant K, is determined by the material and structure of the
machine. The quadrature-axis current 7, creates a quadrature-axis
field ¢, that may be augmented by the coil @ of impedance R, + Lp.
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The quadrature field causes an emf to be developed between brushes a.
An expression for this emf can be derived from Egs. (50) and (51),

. Gaef
= SKy, = :
WM T O T+ T 52)
6 - SEKKK,;
e RI(Ra + Rq)

The load current in the armature circuit would produce a direct-axis
flux that would oppose the exciting flux. Thus the machine would have
very poor regulation. To eliminate this difficulty, compensating coils C
are present to cancel out the flux in the direct axis due to load current.

Since the emf e; is applied to the motor-armature circuit, the relation
may be written

€d = imR(Tap + 1) + Kch, (53(1)
in which

R = R, + R. + R. = total armature circuit resistance, (53b)

_Lat+ L+ La

Te= R.FR. TR,

(53c)

The torque resulting from the motor-armature current ¢, will be con-
sumed in accelerating the inertia J,, of the motor rotor, the inertia J, of
the gear train which is reflected to the motor, and the inertia of the load
J, reduced to motor speed; it also will be dissipated in overcoming any
viscous friction f,Q, in the gearing and bearings. Thus the torque
equation is

Jl _ Kt (ed - KeQm)

(JM+JH+N2)me+fﬂQm_R Tup+1 4 (54)

in which ¥ is the gearing ratio to the load. With J’ as the total effective
inertia at the motor shaft, Eq. (54) may be rewritten as

% (ea — K.Qw) = f4 (% p + 1) (Tap + 1) Q. (55a)

Since J'/f, > T., this equation is usually approximated as

R ™
T, — % (55b)
fg + 2 t

K= (0 + 55 @ + 10

Usually f, < (K.K,)/R; then, using Eq. (51), the final transfer function
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for the power stage and motor is, since Q,, = péo,

,0_0 = K"‘Ga
e P(Tap + LD(Tep+ D){Tp+ 1)

(56)

Suppose that a simple servo is constructed using an electronic ampli-
fier (with gain G; and lag T) in Box 12, a motor-amplidyne combination
in Box 23, and no equalizing-feedback path. If an error-measuring sys-
tem is employed with a voltage gain of G, volts per unit of error and Box
31 is a simple gear train of reduction N, Eq. (2) becomes

o K,
e pIlanp+ DTp + )T+ 1H)(Tp+71 (57
_G.OG.K. )
K;,, = T

3:11. Modulators.—It is sometimes desirable to convert a d-c signal
to an a-c signal that has a determinate phase relative to an existing a-c
voltage. For example, this is desired when a two-phase a-¢ servomotor
is used in a loop that has an error-measuring system utilizing d-¢ voltages.
Because of the difficulties of d-¢ amplification, it is often preferred to make
this transition before any d-c amplification and to postpone amplifica-
tion until the signal is in a-¢ form. Thus it is common that little or no
extraneous noise or false error signal can be tolerated. This often rules
out various schemes of modulation employing vacuum tubes in favor of
mechanical modulation, such as is obtained with a vibrator.

One form of a synchronous vibrator employs a flat reed, or leaf, fixed
at one end and with the other end free and carrying an iron slug. Enecircl-
ing this free end is a fixed coll, excited from the alternating current to
which the vibrator is to be synchronized. The coil creates an oscillating
magnetic field with its vector lying along the length of the reed; as a
result the face of the slug at the tip of the reed has an alternating magnetie
polarity. Just above this end of the reed are the poles of a permanent
magnet, so placed that the face of the slug is subjected to a fixed field
perpendiculayr to the flat of the reed. Thus the reed is subjected to an
alternating force and will oscillate with a fundamental frequency equal
to the fundamental frequency of the current flowing in the exciting coil.
If the reed is mechanically resonant at a frequency near the exciting fre-
quency, large amplitude is obtained with little expenditure of exciting
power. This resonance frequency, however, must not be too near the
exciting frequency or a small change of exciting frequency will produce a
large change in the phase of the oscillation of the reed. One commercial
design! has made the compromise that a vibrator for 60-cycle use employs

! Synchronous Converter No. 756824-1, Brown Instrument Co., Philadelphia, Pa.
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a reed resonant at about 80 cps. This gives about a 12° lag between the
reed motion and the exciting voltage; the latter may, of course, be shifted
in phase by a fixed amount if so desired. In servos using two-phase
motors, it is often convenient to obtain the required phase shift for the
controlled phase in this fashion. The same vibrator, to be excited from
6.3 volts, has a coil impedance of about 120 ohms, almost purely resistive.
Because of the harmonic content in the exciting voltage, it is preferable to

R,

a E ] R, Folt)
+ 4 E_ 2

B —=J7(1-5 ) —{7(1- s)he—

1

= -E
3 b
Bott) -

a
Fia. 3:19.—Vibrators as modulators. (a) Three possible circuits; (b) generalized output.

obtain the phase shift by a series inductance rather than by using a
series capacitance.

The reed carries electrical contacts and acts as the pole of a double-
throw single-pole switch with a noise level less than 2 uv. For a certain
fraction of the cycle, the pole may short-circuit both fixed contacts.

Figure 3:-19a presents three possible circuits employing synchronous
vibrators as modulators. A generalized output, for which it is assumed
that the input voltages do not vary significantly during a modulation
period, is given in Fig. 3-19b. Tt may be expressed as

1 = (E’%@) (L~ ) + sEs

+ 1-2: (